
On the Spectrum of the Hodge-Laplacian Acting on p-forms over Riemannian
Homogeneous Spaces

(A mini-course proposal)

Motivation. Our motivation to propose such a topic is twofold. Firstly, it is well known that
computing the spectrum of the Laplacian is notoriously difficult task, and only few examples
of manifolds have been worked out to the present day. Indeed, if ∆ is the standard Laplacian
acting on smooth functions on a manifold M , then the spectrum of ∆ is known explicitly in the
cases when M is either a flat torus, a Hopf manifold [1], a symmetric space [3] or a Klein bottle
[6]. It should be noted at this juncture that direct computations hardly ever yield results, so
an alterantive methods are usually sought. One such an alternative is to employ representation
theory techniques. The latter have been skillfully employed in the beautiful work of Ikeda and
Taniguchi [4] in which the authors computed the spectra of the Hodge-Laplacian ∆ = dδ + δd
acting on the exterior p-form bundle over Sn and CPn. It is worth mentioning that Iwasake and
Katase [5] also computed the spectrum of the Hodge-Laplacian acting on Λ∗(Sn), but without
making use of representation theory. The spectrum of ∆ was also worked out by Beers and
Millman [2] in the case of compact semi-simple Lie groups. Apart from these latter cases, we
are not aware of another manifolds for which the spectrum of the Hodge Laplacian is known.
Secondly, the work of Ikeda and Taniguchi is interdisciplinary, and blends ideas from represen-
tation theory, Hodge theory, Homogeneous spaces, Lie theory to mention a few. For these two
reasons we find such a topic particularly appealing and worth teaching.

Contents of the course. This mini course is conceived as a pedagogical attempt to con-
vey the ideas and results in [4]. The central theme in the course will be the solution to the
following question:

Problem 1. Given a compact symmetric pair of Lie groups (G,K) with G semi-simple, consider
the homogeneous space M = G/K. Let ∆ be the Hodge-Laplacian acting on the sections of ΛpM .
Compute the spectrum of ∆, provided that M = Sn, CPn.

Let us now succinctly reflect upon the solution of this problem. Let G be a semisimple compact
Lie group, and B be the Killing form of the Lie algebra g of G. Given a base {X1, ..., XN} of g
define

C =
∑
i,j

CijXi ·Xj where Cij =
(
B(Xi, Xj)

)−1
,

which is an element of the centre of the universal enveloping algebra Ug of g. C is a G-invariant
differential operator and is called the Casimir operator. It is a well-studied object in both
Physics and Representation theory of semisimple Lie algebras.

Suppose now that (G,K) is a symmetric pair with G semi-simple, connected, compact Lie
group. Let m be the orthogonal complement of k in g with respect to the Killing form. Using
the Cartan decomposition

g = m + k

and restricting the Killing form to the sign changed on m, we can define a G-invariant Rieman-
nian metric on M ≡ G/K. Under these hypotheses we have the following proposition.

Proposition 1. Let G, K and M be as above. Let ∆ is the Hodge - Laplacian on M defined by
the metric just mentioned. Then, under the identtification C∞(ΛpM) ∼= C∞(G,K; Λp(g/k)∗C),
we have ∆ = −C.
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Without a doubt this latter proposition is a remarkable result. It is this result that in
fact makes it possible to compute te spectrum of the Hodge-Laplacian using the full power
of representation theory techniques. Indeed, the following fact about the Casimir operator is
well-known.

Proposition 2. Let G and C be as above, and U be a finite-dimensional vector space over C.
Then, for any finite-dimensional G-submodule (V, ρ) of C∞(G;U), we have

Cf = ρ(C)f,

for all f ∈ V , and ρ being extended to the representation of the universal enveloping algebra Ug.

We can quickly perceive two corollaries of this proposition. Firstly, every finite-dimensional
g-submodule of C∞(G;U) is stable under the Casimir operator. Secondly, and more importantly,
if the representation ρ from Proposition 2 is irreducible, we can conclude by the Schur’s lemma
that ρ(C) is constant. In other words, ρ(C) is an eingenvalue of the Casimir operator. It is
known that the quantity ρ(C) is computable by virtue of the following following.

Proposition 3. Let G and C be as above. Fix a lexicographic order on the dual space of a
Cartan subalgebra of g. Then, for any irreducible representation (V, ρ) of G over C with the
highest weight λρ, we have

ρ(C) = −4π2〈λρ + 2δG, λρ〉idV ,

where δG denotes the half sum of all positive roots of g, and 〈 , 〉 denotes the inner product on
the dual space of the Cartan subalgebra of g, induced by the Killing form sign changed.

Propositions 1, 2 and 3 along with the Hodge’s decomposition theorem solve Problem 1 at
the conceptual level. To complete the solution, one needs to apply some representation theory
techniques in order to compute the highest weights λρ, their multiplicities, etc.

Lecture distribution. Depending on the time allocated, we plan to spend 30 to 50 % of
the time for basic definitions and putting the problem into context, 30 to 40 % for computing
the spectrum of the Hodge-Laplacian when the base manifold is a sphere, and 20 to 30 % to
comment on the spectrum when the base manifold is a complex projective space.

Dr. Dragomir Tsonev

03 July 2018

Manaus
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