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 ABSTRACT 

Shells structures are very important for various engineering fields, and those were used in many 

applications of engineering, notably structural, mechanical, and aerospace. Axisymmetric Shells of 

Revolution structures (ASR) are used as dome type of roofs, for various functions such as houses of 

worship, stadium, cinemas, galleries, tanks, and other. 

These shells are strong, stiff, compact and yet light and hence considered as one of the most 

efficient structural forms. Shells structures are adopted for construction of large span structures in 

which a large space is realized without columns as the structural components. Despite their thin 

thickness, strength is derived due to the curvature. Thin shells are an example of strength through 

form as opposed to strength through mass. 

In Structural design, it is necessary to obtain an appropriate geometric shape for the structure, so 

that it can carry the imposed loads safely and economically. This can be achieved using Structural 

Optimization (SO) procedures. SO combines mathematics and mechanics with engineering and has 

become a multidisciplinary field with applications in areas such as civil, mechanical and aeronautical 

engineering. SO is concerned with achieving the best design for a given objective while satisfying 

certain restrictions 

 Analysis and optimization of these structures is therefore continuously of interest to the scientific 

and engineering community. Optimization of shell structures can result not only in improved designs, 

but also in a large saving of material. 

The main objective of this research work is to carry out SO for ASR by using Finite Element 

Method (FEM) and SAP-2000 programme. This work aims to arrived at the optimum case of 

structures   with   respect   to rise, thickness, and shape, optimization treating them separately or by 

combining them.  

First part focuses on rise, second part for thickness,(constant and variable).and third part deals 

shape .(Spherical, Parabolic, Ellipse, and Conical).  

Conclusions are presented in the last chapter.  Numerical investigations conducted on different 

models reveal that they are the optimized models with respect to design variables of the structure. But 

optimization of models with internal forces minimization, more stability, and volume minimization 

as an objectives showed improvement over the initial geometry of the   structure   for all   the   types 

of the shells. 

  This suggests rise, thickness, and the shape are important variables for optimization and that the 

effect of changing them led to the important results in design Optimization. Optimization of all the 

shells structures gives a basic idea of the places or tasks to be improved or changed. The study also 

shows that optimization gave more the percentage reduction in internal forces, displacements, and 

volume in shells structures. It is obtained the optimum case from rise, thickness and shape in an alone 

or a combined way. 

The results showed that the best rise/span ratio is 0.25 which achieves the best aims of structural 

optimization, also showed that the effect of changing the thickness gradually so that it increases from 

the top towards the edge support position increases the stability and rigidity of the shells significantly. 

But the effect of constant change along the arc of the shell has little effect, and that the parabolic 

shape is the most economical and efficient solution of shells of revolution, then Spherical, conical 

and finally the ellipse. 

The outcome of this thesis has been the generation of new research information on performance 

characteristics of ASR that will facilitate improved designs of shells with better choice of shapes and 

enhanced levels of economy and performance.  

The research and results presented contribute to establishing a SO toolbox for design practice, 

demonstrating necessary method extensions and considerations and practical results that are directly 

applicable to building projects.. 

Key words; Axisymmetric Shell Structures, Structural Optimization, Finite Element 

Analysis.  



  

v 

TABLE OF CONTENTS 

ACKNOWLEDGMENTS ................................................................................................. iii 

 ABSTRACT ....................................................................................................................... iv 

TABLE OF CONTENTS .................................................................................................... v 

LIST OF FIGURES .......................................................................................................... vii 

LIST OF TABLES ........................................................................................................... viii 

ABBREVIATIONS: ........................................................................................................... ix 

CHAPTER 1        INTRODUCTION ................................................................................. 1 

1.1. Introduction: ................................................................................................................................ 1 

1.2. Historical Review ........................................................................................................................ 1 

1.3. Motivations & Rationale: ............................................................................................................. 2 

1.4. Scope of work: ............................................................................................................................. 3 

1.5. Procedure & Methodology: .......................................................................................................... 4 

1.6. Aims and Objectives of work....................................................................................................... 4 

1.7. Outline of the Thesis:The research work is divided into the following chapters: ........................ 5 

1.8. Summary:..................................................................................................................................... 5 

CHAPTER 2  OPTIMIZATION  AND STRUCTURAL OPTIMIZATION ..................... 6 
2.1. General Overview: ....................................................................................................................... 6 

2.2. History of Optimization ............................................................................................................... 6 

2.3. Introduction ................................................................................................................................. 6 

2.4. Engineering Applications of Optimization .................................................................................. 7 

2.5. Design Optimization: What Is Design Optimization? .................................................................. 7 

2.6. Optimization Methods ................................................................................................................. 8 

2.7. The Problem Formulation Process ............................................................................................... 8 

2.8 General Mathematical Model for Optimum Design ...................................................................... 9 

2.9.   Structural Optimization- What is structural optimization?......................................................... 9 

2.10. Classification of optimization structural problems: .................................................................. 10 

2.10.1. Size optimization: ................................................................................................................. 10 

2.10.2. Shape optimization: .............................................................................................................. 11 

2.10.3. Topology optimization: ......................................................................................................... 11 

2.11. General formulation of optimization problem.......................................................................... 11 

2.12. Structural Optimization Techniques ........................................................................................ 13 

2.13. Summary and Conclusion ........................................................................................................ 14 

CHAPTER 3    FINITE ELEMENT METHOD ............................................................. 15 
3.1 Definition and Historical Overview ............................................................................................ 15 

3.2. Basic Steps in the Derivation of the Element Stiffness Characteristics. .................................... 16 

3.3. Basic steps in the solution procedures: ...................................................................................... 17 

3.4. Combined using of the Optimization theory and the Finite element method: ............................ 17 

3.5. Practical Considerations for Numerical Optimization ............................................................... 18 

3.6. Summary and Conclusion: ......................................................................................................... 18 

CHAPTER 4   SHELLS STRUCTURES ......................................................................... 19 
4.1. Introduction: .............................................................................................................................. 19 

4.2. Static Analysis of Axisymmetric Shells ..................................................................................... 19 

4.3. The Concept and Importance of Shell Structures: ...................................................................... 20 

4.4. Shells Theory Historical Development: ..................................................................................... 22 

4.5. The Mathematical Theory for shells: ......................................................................................... 22 

4.6. Structural analysis Methods of shells: ........................................................................................ 23 

4.7. Finite Element Analysis in Shells: ............................................................................................. 24 

4.8. Optimization of Shell Structures ................................................................................................ 25 

4.9. Computer Interaction: ................................................................................................................ 25 

4.10. Summary & Conclusion:.......................................................................................................... 26 



  

vi 

CHAPTER 5 ...................................................................................................................... 27 

STATIC ANALYSIS OF AXISYMMETRIC SHELLS OF REVOLUTION .................. 27 
5.1. Introduction: .............................................................................................................................. 27 

5.2. Static Analysis and Optimization ............................................................................................... 27 

5.3. Computers Finite Element Method ............................................................................................ 29 

5.4. Numerical Optimization - Automization: .................................................................................. 30 

5.5. Approach of Optimization to the shells: .................................................................................... 30 

5.6. Optimum Design of Shell Structures: ........................................................................................ 30 

5.6.1 Selection of objective function: ............................................................................................... 31 

5.6.2. Selection of Constraints: ......................................................................................................... 31 

5.6.3. Problem definition: Problem statement: .................................................................................. 31 

5.7. Summary:................................................................................................................................... 33 

CHAPTER 6 ...................................................................................................................... 34 

ANALYSIS, INTERPRETATION AND DISCUSSION THE RESULTS OF 

AXISYMMETRIC SHELLS OF REVOLUTION ........................................................... 34 

6.1.Basic Considerations................................................................................................................... 34 

6.1.1. Flow Chart of the Work: ......................................................................................................... 35 

6.2. Finite Element Model: ............................................................................................................... 36 

6.3. Variation of the rise of shell (Rise/Span Ratio F/L): .................................................................. 37 

6.4. Variation of the thickness of shell: ............................................................................................ 50 

6.4.1. Von Mises stress: .................................................................................................................... 50 

6.4.2. Volume ................................................................................................................................... 51 

6.4.3. Deflection ............................................................................................................................... 53 

6.4.4. Study of the combined effect of Von Mises stress, volume and deflection: ............................ 55 

6.5. Study the effect of shape shells: ................................................................................................. 55 

6.5.1. Von Mises stress: .................................................................................................................... 57 

6.5.2. Volume: .................................................................................................................................. 57 

6.5.3. Deflection: .............................................................................................................................. 57 

6.6. General Optimal Case Study: ..................................................................................................... 61 

6.7. Studying the Effect of Change of Span: ..................................................................................... 63 

6.8. Summary:................................................................................................................................... 64 

6.9. Conclusion ................................................................................................................................. 64 

CHAPTER 7 ...................................................................................................................... 67 

 CONCLUSIONS, RECOMMENDATIONS  AND CONTRIBUTIONS........................ 67 
7.1 Conclusion .................................................................................................................................. 67 

7.1.1. Methodology of the study and the software system ................................................................ 67 

7.1.2. The Rise Shell Optimization Conclusions. ............................................................................. 68 

7.1.3. The Shell Thickness Optimization Conclusions...................................................................... 68 

7.1.4. Shape shell optimization conclusions. .................................................................................... 68 

7.1.5. General Optimal Case Study: .................................................................................................. 69 

7.1.6. General conclusion ................................................................................................................. 69 

7.2. Recommendations For Future Work .......................................................................................... 70 

7.3. Review Of Contributions ........................................................................................................... 70 

7.4. Closing Notes............................................................................................................................. 71 

REFERENCES ................................................................................................................. 72 

PUBLICATIONS .................................................................. Error! Bookmark not defined. 

 
  



  

vii 

LIST OF FIGURES  

        CHAPTER 1 

Fig.1.1 Basel dome(Switzerland) in the patented, Cylindrical shells as at Market Hall in Frankfurt -- 1 

Fig.1.3 St Sedmo chislenitsi Church Sofia (1901)  Al Azhar mosque Egypt Muh. ali ------------- 3 

Fig.1.4 Two Shells of Revolution in Kuwait built 2016 (Span L=26, 15 m) Concrete ------------ 3 

Fig.1.5 The student activity at Dodge City Community College.USA L=51m. (1916) ------------ 4 

 CHAPTER 2 

Fig. 2. 1 Size designs of a truss     Shape designs of a truss    Topologies designs of a truss ---- 11 

Fig. 2. 2 Structural optimization tasks ------------------------------------------------------------------- 12 

Fig. 2. 3 Roof of a gym in Kuwait, Structural optimization used in space frame ------------------ 12 

Fig. 2. 4 Optimal cross-sectional areas for four units -------------------------------------------------- 12 

Fig. 2.  5 Basic algorithm for structural shape optimization ------------------------------------------ 14 

 CHAPTER 3 

Fig. 3. 1 Finite element analysis procedures ------------------------------------------------------------ 16 

  CHAPTER 4 

Fig. 4. 1 Two shells      (left) in Sofia 1576          (Right) in Kuwait 1986 -------------------------- 20 

Fig. 4. 2 Different types of Axisymmetric Shells of Revolution ASR ------------------------------ 22 

Fig. 4. 3 The middle surface of shell & thickness ------------------------------------------------------ 22 

Fig. 4. 4 Geometrical shape of Axisymmetric Shells of Revolution ASR -------------------------- 22 

Fig. 4.5 Forces on element      Fig. 4. 6 Bending moment and shear -------------------------------- 23 

Fig. 4. 7 Quadrilateral Shell Elements with 4 Nodes & 5 -DOF/ Node ----------------------------- 26 

CHAPTER 5 

Fig. 5. 1 Von Mises stress, six stress components and their principal stresses --------------------- 28 

Fig. 5. 2 Gradient-Based Optimization ------------------------------------------------------------------ 32 

CHAPTER 6 

Fig. 6. 1 Flow Chart of the Work ------------------------------------------------------------------------- 35 

Fig. 6. 2 Considered model   distribution of elements     Fig. 6.  3 Geometry module of Shell -- 36 

Fig. 6. 4 Four types of Shells of Revolution ------------------------------------------------------------ 37 

Fig. 6. 6 Four types of Shells of Revolution ------------------------------------------------------------ 37 

Fig. 6. 7 Parallel and meridian in shells ----------------------------------------------------------------- 37 

Fig. 6. 8 Parallel and meridian in shells ----------------------------------------------------------------- 37 

Fig. 6. 9 Shell modules and Rise variation of shell ---------------------------------------------------- 37 

Fig. 6.9. a  Parallel forces ---------------------------------------------------------------------------------- 38 

Fig. 6.9. b Meridian forces -------------------------------------------------------------------------------- 38 

Fig. 6.9. c Parallel moments ------------------------------------------------------------------------------- 38 

Fig. 6.9. d Meridian moments ----------------------------------------------------------------------------- 38 

Fig. 6.9. e Von Mises stress ------------------------------------------------------------------------------- 39 

Fig. 6.9. f Deflection --------------------------------------------------------------------------------------- 39 

Fig. 6.9. g Von Mises stress contour      Fig. 6.9. h Deflection contour ----------------------------- 39 

Fig. 6.9. i Volume                                   Fig. 6.9. j Von Mises stress, Deflection and Volume -- 39 

Fig. 6.9. k Optimal, Von Mises Stress, Deflection, and Volume ------------------------------------- 40  

Fig.6.11. b Parallel forces --------------------------------------------------------------------------------- 41 

Fig.6.11. a Deflection contour F/L=1/5          F/L=1/2 ------------------------------------------------ 41 

Fig.6.11. c Meridian forces -------------------------------------------------------------------------------- 41 

Fig.6.11. d Parallel moments ------------------------------------------------------------------------------ 41 

Fig.6.11. e Meridian moments ---------------------------------------------------------------------------- 41 

Fig.6.11. f Von Mises stress ------------------------------------------------------------------------------- 42 

Fig.6.11. g Von Mises stress contour F/L=1/2    Fig.6.11. h Deflection contour F/L=1/5 -------- 42 

Fig.6.11. i Deflection               Fig.6.11. j Volume ----------------------------------------------------- 42 

Fig.6.11. k Von Mises Stress, Deflection and Volume ------------------------------------------------ 42 

Fig.6.11. l Von Mises Stress, Deflection, Volume and Optimal ------------------------------------- 43 

Fig.6.13. a Parallel forces ---------------------------------------------------------------------------------- 44 

file:///C:/Users/Fujitsu/Desktop/ملخص/Thesis%20625Summary11.docx%23_Toc515316452
file:///C:/Users/Fujitsu/Desktop/ملخص/Thesis%20625Summary11.docx%23_Toc515316453
file:///C:/Users/Fujitsu/Desktop/ملخص/Thesis%20625Summary11.docx%23_Toc515316455
file:///C:/Users/Fujitsu/Desktop/ملخص/Thesis%20625Summary11.docx%23_Toc515316456
file:///C:/Users/Fujitsu/Desktop/ملخص/Thesis%20625Summary13.docx%23_Toc517495926
file:///C:/Users/Fujitsu/Desktop/ملخص/Thesis%20625Summary11.docx%23_Toc515316522
file:///C:/Users/Fujitsu/Desktop/ملخص/Thesis%20625Summary11.docx%23_Toc515317003
file:///C:/Users/Fujitsu/Desktop/ملخص/Thesis%20625Summary11.docx%23_Toc515317005
file:///C:/Users/Fujitsu/Desktop/ملخص/Thesis%20625Summary11.docx%23_Toc515317006
file:///C:/Users/Fujitsu/Desktop/ملخص/Thesis%20625Summary11.docx%23_Toc515317007
file:///C:/Users/Fujitsu/Desktop/ملخص/Thesis%20625Summary11.docx%23_Toc515317008
file:///C:/Users/Fujitsu/Desktop/ملخص/Thesis%20625Summary11.docx%23_Toc515317009
file:///C:/Users/Fujitsu/Desktop/ملخص/Thesis%20625Summary11.docx%23_Toc515318261


  

viii 

Fig.6.13. b Meridian forces -------------------------------------------------------------------------------- 44 

Fig.6.13. c Parallel moments ------------------------------------------------------------------------------ 44 

Fig.6.13. d Meridian moments ---------------------------------------------------------------------------- 44 

Fig.6.13. e Von Mises stress ------------------------------------------------------------------------------ 45 

Fig.6.13. f Von Mises stress contour F/L=1/2         Fig.6.13. h Deflection contour --------------- 45 

Fig.6.13. g Deflection                            Fig.6.13. i Volume ------------------------------------------ 45 

Fig.6.13. j Volume                                 Fig.6.13. k Von Mises Stress, Deflection and Volume 45 

Fig.6.13. l Von Mises Stress, Deflection, Volume and Optimal ------------------------------------- 46 

Fig.6.15. a Parallel forces ---------------------------------------------------------------------------------- 47 

Fig.6.15. b Meridian forces -------------------------------------------------------------------------------- 47 

Fig.6.15. c Parallel moments ------------------------------------------------------------------------------ 47 

Fig.6.15. d Meridian moments ---------------------------------------------------------------------------- 47 

Fig.6.15. e Von Mises stress ------------------------------------------------------------------------------ 48 

Fig.6.15. f Von Mises stress contour F/L=1/5     Fig.6.15. g Deflection contour ------------------ 48 

Fig.6.15. h Deflection             Fig.6.15. i Volume ----------------------------------------------------- 48 

Fig.6.15. j Von Mises Stress, Deflection and Volume ------------------------------------------------- 48 

Fig.6.15. k Von Mises Stress, Deflection, Volume and Optimal ------------------------------------- 49 

Fig.6.16. Change of span (von Mises stress)    Fig.6.16. b Change of span(Volume (m3)) ------ 63 

Fig.6.16. c Effect of change of span (Deflection mm) ------------------------------------------------- 63 

 
 

LIST OF TABLES 

CHAPTER 2 

Table 2.1 Relation between number of units and the optimal structural volume ------------------ 13 

CHAPTER 6 

Table 6. 1 Shells Data -------------------------------------------------------------------------------------- 37 

Table 6. 2 Comparison F/L ratio -------------------------------------------------------------------------- 40 

Table 6. 3 Comparison F/L ratio -------------------------------------------------------------------------- 43 

Table 6. 4 Comparison F/L ratio -------------------------------------------------------------------------- 46 

Table 6. 5 Comparison F/L ratio -------------------------------------------------------------------------- 49 

Table 6. 6 shows the rises values that give the optimum case for the four types shells. ---------- 50 

Table 6. 8 Summary of structural optimization results for each type from ASR------------------- 56 

Table 6. 9 Summary of structural optimization results by change the thickness ------------------- 57 

Table 6. 10 Summary of structural optimization results for ASR by change the thickness ------ 57 

Table 6. 11 show the final results of reduction ratio --------------------------------------------------- 57 

Table 6. 12 Summary of structural optimization results Von Mises stress ------------------------- 58 

Table 6. 13 Summary of structural optimization results Volume ------------------------------------ 59 

Table 6. 14 Summary of structural optimization results Deflection --------------------------------- 60 

Table 6. 15 Summary of reduction ratio for general case --------------------------------------------- 61 

Table 6. 16 Final results of structural optimization results for all type from ASR ---------------- 61 

Table 6. 17 Reduction ratio of structural optimization results for all type from ASR ------------- 62 

Table 6. 18 Changing of span data ----------------------------------------------------------------------- 63 

Table 6. 19 Summary of Final Results of effect of the changing the span -------------------------- 63 

Table 6. 20 Summary of Final Results of Optimization ----------------------------------------------- 64 
 

 
Note: Numbered points, figures, and tables in the Summary does not match the 

corresponding thesis numbers.  



  

ix 

ABBREVIATIONS: 

ACI          American Concrete Institute, Code   

ASR        Axisymmetric Shells of 

Revolution. 

FEM        Finite Element Method 

FEA         Finite Element Analysis 

DOF         Degrees of Freedom 

DV           Design variable  

SO            Structural Optimization 

SCALARS: 

A                 Area 

C                Constant thickness 

D                Deflection  

2D               Two dimensional 

3D               Three dimensional 

          Allowable displacement  

d(vol)           Differential of volume 

E                 Young's modulus of Elasticity 

F                Rise of shell 

F/L              Rise /span ratio 

e                  Element 

f(x)              Function of 'x' - Objective function  
 

          Compressive strength of concrete. 

          Tensile strength of concrete. 

F11            Parallel forces   

F22            Meridian forces   

M11           Parallel bending moments 

M22           Meridian bending moments 

gi (s)          Inequality constraint 

hj(s)           Equality constraint 

H               Height  

IF              Internal forces  

KN             Kilo-Newton   

 L     Span of shell, length 

t/R     Thickness/radius ratio  

m               Meter(s)  

mm            Millimeters( s)  

Mpa          Mega Pascal’s (106 N/m2 = N/mm2) 

N               Axial forces 

 n              Number of nodes,  

ne             Number of elements,       

N              Axial force  

P              Load 

R              Radius of curvature 

S               Surface area 

t                Shell thickness 

V              Volume    

Vt            Variable thickness   

         External work  

         Internal work  

W            Weight of the structure 

xi, yi        Typical coordinates of node i 

x, y, z      Global Cartesian coordinates 

MATRICES & VECTORS: 

    Nodal displacement vector  

   Nodal load vector 

   Stiffness matrix for element 

     Vector of the as yet unknown 

Coefficients ( f) the polynomial function 

  Displacements at any point in the element.  

Matrix of polynomial function. 

   Matrix of polynomial function. 

 Nodal displacement within the element  

  Nodal displacement vector    

  Matrix [differential of]   

  Elasticity matrix 

  Stress-displacement matrix 

GREEK SYMBOLS: 

ø        Vertical angle of shell  

     Specific weight of concrete  

θ        Angle 

   Density 

   Stress component  

   Von Mises stress 

     Yield strength. 

     Allowable stress  

            Maximum bound allowed on stress 

σavg          Average stress 

    Ultimate strength. 

    Maximum principle stress  

      Shear stresses 

               Poisson's ratio  

    Strains any point within the element



alld

ft

/
fc

extW
intW

 e

 e
F

e
K 
  

 

( ) ,x y

( ),f x y 
 

A  

( ) ,q x y

 e
q

C  

  D

H  

( ),f x y

( ),x y



vm

y
all

c



limit

1






  

1 

CHAPTER 1        INTRODUCTION 

1.1. Introduction: 
In recent decades expanded architectural ideas of construction designs evolved aesthetic 

in technique and construction technology as it is in other areas of life. The temporal and 

spatial developments, expanded activities and services increase required a great need for 

large areas and spaces the use according to the different needs of large and varied activities, 

for example of these activities on international “INTERNATIONAL ACTIVITIES” levels 

or universal as international Olympiad (Olympic village Munich, Seoul's cycle)[1], or at 

the national level activities national galleries, multipurpose halls or national REGIONAL 

ACTIVITES. Cultural centers. 

With different activities depending on the different levels each functional requirement 

that requires extension and beauty, to achieve different varied spaces large spaces was a 

constant quest for developing architectural thinking in different directions. And executive 

design keeps growing evolution for different activities. The construction methods 

developed and contributed to the evolution of architectural thought to design architectural 

spaces wide areas. Diversified construction systems, achieved more flexibility in shaping 

the spaces, structural materials developed new ones helped the formation of different 

vacuums construction diversity. 

1.2. Historical Review 

Shells structures have sprung up in the early nineteenth century in Europe after devising 

a way Zeiss-Dywidag shell construction, [2], was the first roof shell for large span around 

23.00 m as in the showroom Düsseldorf in 1926, then shells construction fanned throughout 

Europe, the longitudinal cylindrical shells use at market Hall in Frankfurt 720 feet in length 

and width 141 feet and 75 feet high, it was built in the same city of Frankfurt in 1928. The 

rotational dome of Electrical building in Frankfurt is initial shell construction, that uses in 

the large span in Europe (diameter 85 feet) and that was created further the useful spaces 

concept, consistent with the functional requirements of the internal space. More structural 

projects for large useful spaces designed by architects Daschinger & Ritter ribbed surfaces 

prey was also used in the construction of hangars at Orly airport in France (1932), was a 

successful use of shells installations new investigator ribbed structural idea to use shells. 

 Shell building was used to cover the roof of the theatre of the University of Virginia with 

a 900 ft2 ceiling and 34 ft. diameter and the same material created concrete exploitive 

architectural spaces of possible structural largest spans and conform to the functional 

requirements of the space. [3]. There are many types of shells such as revolution, 

cylindrical, translation, composite … etc. The most widespread implementation is 

Axisymmetric Shells of Revolution (ASR) for many advantages (remember below). 

Fig. 1. 1 Basel dome (Switzerland) in the patented      Cylindrical shells as at Market Hall in Frankfurt 

Zeiss-Dywidag construction method 
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 The largest shell structure of the world CNIT in Paris, seen in Fig. 1.3, is designed by 

Bernard Zehrfuss. it covers an area of 900000 m2.[4]. 

1.3. Motivations & Rationale: 
The thin shells play an important role in all fields of structural applications due to 

their relative light weight and economical and structural specification. And the shells were 

spread widespread in the world, because it is  by lightweight and beautiful architecture 

forms and of volume or cost and little its ability to     resist the large loads in addition of 

many of advantages economic, aesthetic and 

structural. The structural behavior of shells, 

compared to that of other types of structures, 

is characterized by a higher mechanical 

efficiency. Concrete shells depend on their 

configuration, not on their mass, for stability. 

If appropriate designs are carried out, shells 

can support high loads and allow covering 

important spaces using little material and/or       Fig. 1. 2 CNIT Shell (1958) Paris thickness. 

Moreover, shells present an attractive lightness and elegance from an aesthetic point of 

view, leading some authors to referring them as the “structural elegance”[5],[6].  

These shells are strong, stiff, compact and yet light and hence considered as one of 

the most efficient structural forms. Thin shells are an example of strength through form as 

opposed to strength through mass.The Improving the structural behavior of the shells by 

means of the shape optimization implies a design process with a high quality, since it helps 

to reach structures of quasi-perfect behavior. 

The development of optimization techniques was strongly boosted by the tremendous 

increase in computational and graphical capacities. These techniques represent an effective 

means to obtain alternative geometric forms of shells and improve their mechanical 

behavior,   complying   with   the   design   conditions   (stress   constraints,   construction 

conditions, etc.) in an optimum way (min. weight, max. stiffness, min. stress level, etc.) [6]. 

Shells are constructed from concrete, profound able due to the combination of filling 

and load carrying capacities. They are being built as ‘thin shells’, with a thickness-to-radius 

ratio starting at 1/50 reaching up to 1/1000 and higher,[4]. The low consumption of material 

follows from the profound that shells are very efficient in carrying loads acting 

perpendicular to their surface by in-plane membrane stresses. In fact, the preference for 

membrane action arises as a consequence of being thin. Bending moments eventually arise 

only to satisfy specific equilibrium or deformation requirements. This led to the shells 

spread in recent decades significantly in all countries of the world. Especially Axisymmetric 

Shells of Revolution (ASR). 

Why Study Axisymmetric Shells of Revolution (ASR): 

1. Architectural beauty.                           2. Historical and archaeological style. 

3. Lightweight.                                        4. Little cost. 

5. Easy of design and implementation.    6. Availability of materials. 

Many especially Axisymmetric Shells of Revolution (ASR) of various forms were built 

annually in Kuwait, Gulf States, Arab world, and the world especially in places of worship 

such as mosques and churches in the domes form. These most of shells was built from 

reinforced concrete material because available and these makes little of costs and flexibility 

in construction.The diameter of various forms of Shells built in the world is ranging from 
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8-30 m, in some of cases up to 72 m. as in Pakistan, and the height is from 6 to 25 m. These 

shells built from concrete material. 

Fig. 1. 2 St Sedmo chislenitsi Church Sofia (1901)  Al Azhar mosque Egypt Muh. ali 

    Why study concrete material for shells: 

1. It has a high ability to bearing compress and tensile forces in two directions. 

2. Materials of building shells is easily available and economical (cheap). 

3. Freedom and flexibility in the design of forms of construction. 

4. The ability to carrying of various forms of loads and others.... 

5. Fire resistance.     

6. Capability of carrying and durability for long-lived. 
The above study shows the importance the ASR role with various forms, ways to improve them, 

reduce their costs, and maintain the beauty and the reasons for using concrete materials. 

Fig. 1. 3 Two Shells of Revolution in Kuwait built 2016 (Span L=26, 15 m) Concrete 

Why use in solve the problem by FEM: 

Sometimes it is very difficult and impossible mission to analyze shells in their general 

form by analytical methods. For that analytical methods are unable to taking into 

consideration all parameters, therefore it was found that numerical methods especially The 

FEM that is able to solve such problems due to its great ability to treat all types of shells in 

general forms with different parameters in short time. [7]. 

1.4. Scope of work: 
The work of this thesis is interested in structural optimization (SO) of the design in 

various forms of structural systems in the field of ASR, including a form of shell rotational 

optimal structures. And it will look for the optimal case of the four different forms of ASR 

(Spherical, Parabolic, Ellipse and Conical). 

 This work focuses on the practical applications of SO techniques. And it will be 

implemented in a large number of numerical examples and solve different types of Shells 

of Revolution, the solving of the ASR problems in different types of form and different rise, 

thickness using by the Finite Element Method. 

This work will seek to obtain the best rise, best thickness and best shape to obtain the 

optimal case of the four types of ASR (spherical, parabolic, ellipse and conical). 
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Fig.1.4 The student activity at Dodge City Community College.USA L=51m. (1916) 

1.5. Procedure & Methodology: 
In this work the FEM has been extensively used, with quadrilateral element type, as 

model and analyses the response of ASR. Investigation is restricted to linear elastic analysis, 

Static case, to determine the shell performance and attain the thesis objectives, by the use 

Software program   SAP2000-V16-V18. 

  The key aspects chosen for investigation in this work are: 

• Robust and efficient analysis methods for ASR, by FEM with SAP-2000. 

• Solution of the ASR problem to obtain shape optimization. 

• Solution of the material distribution problem of ASR by change of the variables to 

obtain size optimization (like thickness….)  

• Solution of the shell structures by take Topology optimization 

A numerical procedure coupling the FEM and an optimization routine is developed and 

applied to determine and compare performance characteristics with regards to economy and 

efficiency of different ASR configurations . Under axisymmetric loading. Optimum shape 

(economical and efficient) is established, a parametric study with variations in rise, 

thickness and shape of shell is conducted under static loading conditions to determine and 

assess the shell response:

➢ Parallel forces.         

➢ Meridian forces. 

➢ Meridian (bending moment) stress. 

➢ Parallel (bending moment) stress. 

➢ Von Mises stress. 

➢ Deflection

Stress analysis is performed on different forms of the optimum shaped shell structure, 

to assess the effect of the variables (rise, thickness, and shape) on the shell performance. 

Taking into account the constraints of the equality and inequality limitations defined by SO 

process such as the minimum of the compress stress, maximum of the tensile stress, 

maximum of deflection and the other. Such a comparison will facilitate the determination 

of an "optimum shape" of these shell structures. 

1.6. Aims and Objectives of work 
ASR in many applications have been used with various forms in the form used for 

different purposes, but without regard to performance considerations. Common examples 

include revolution, (spherical - parabolic, ellipse and conical) of the Dome of galleries, 

theaters, playgrounds, mosques and churches. Optimizations and evaluate the efficiency of 

these ASR by using FEM of terms of performance and economy needs to be addressed...  

The general goal of this work is SO by FEM based techniques of shape, size, and 

Topology optimization of ASR. Furthermore, these methods should be applicable to 

practical problems of structural engineering. 

The main objectives of this dissertation are:  

❖ To extend the SO method to the design and optimization of dominant internal forces, 
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      stability, and volume of the shells structures. 

❖ To identify the optimal shape of ASR that can be used in minimum (volume).  

❖ To find the case of structures shells model by using a digital method, FEM method with 

optimization criterions.  

❖ To investigate the important design criteria with regard to ASR. 

❖ To study the effect of shape on performance of ASR under axisymmetric loading 

conditions. (Spherical, parabolic, ellipse, and conical). 

❖ To study the effect of the rise and thickness on ASR to determine an Optimum shape. 

❖ Generating research information on the performance characteristics that will facilitate 

and improve the design. 

1.7. Outline of the Thesis:The research work is divided into the following chapters: 

Chapter 1: is for introduction, historical review, motivations, rationale, scope of work, 

procedure & methodology, aims & objectives of work, and outline of the thesis. 

Chapter 2: is for Structural optimization (SO), engineering applications of optimization, 

general mathematical model for optimum design, design optimization, classification, 

Optimization structural problems, and general formulation of optimization problem. 

Chapter 3: presents basic concepts of FEM dedicated to FEA of shell. 

Chapter 4: is for shells structures, concept and importance, shells theory, mathematical 

theory, structural analysis methods, FEA in Shells, optimization of shell,  

Chapter 5: is for study static analysis of ASR, introduction, optimization, and 

computers Finite Element Method, volume optimization, and static stress Analysis. 

Chapter 6: Interpretation and Discussion for the Results, Flow Chart of the Work, 

Variation of the rise, and thickness, Study the effect of shapes, General Optimal. effect of 

span change 

The last chapter7: conclusion, recommendations, contributions, finally closing notes. 

•   References       •   Publications 

1.8. Summary: 
This chapter begins with an introduction to the expansion of architectural ideas for the 

designs of aesthetic construction and the development of construction technology and the 

increased great need for large areas and spaces for use in various activities and different 

needs. Then Historical Review to the shells constructions has sprung up and their 

development in Europe. 

This chapter also includes the motivations and rationale justifications for the study of 

the ASR, for example Architectural beauty, Historical and archaeological style, 

Lightweight, Little cost, Easy of design and implementation. Availability of materials. 

 And the justifications for the use of the concrete in the study. Like it has a high ability 

to bearing forces in two directions. Materials of Building are easily available and 

economical, flexibility in the design of forms of construction, ability to carrying of various 

forms of loads and others, Fire resistance. Capability of carrying and durability for long-

lived.  

Then the justifications for use in solve the problem by numerical method FEM,It  is able 

to solve all problems due to its great ability to treat all types of shells in general forms with 

different parameters in short time. then move to the Scope of work (to seek to obtain the 

best  rise and best thickness to obtain the optimal state of the above four types of ASR) and 

the procedure and methodology used in research and Aims and Objectives of works, the 

general goal is SO by finite element method-based techniques of shape, size, and Topology 

optimization of ASR.  And finally outline of the thesis. 
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CHAPTER 2  OPTIMIZATION  AND STRUCTURAL OPTIMIZATION 

2.1. General Overview: 
In structural engineering design the ultimate goal frequently is to develop the “best” 

possible structural system that meets the requirements   and   the   client’s   demands.   “Best” 

could   mean, for instance, cheapest, lightest, stiffest, or   any   compromise   design balancing 

a number of design criteria. SO can help to achieve an overall goal by replacing intuitive 

decision making with a systematic procedure based on a rigorous mathematical formulation 

of the design problem. In structural design, it is necessary to obtain an appropriate geometric 

shape for the structure so that it can carry the imposed loads safely and economically. This 

may be achieved using SO procedures, in which the shape or the thickness of the components 

of the structure is varied to achieve a specific objective satisfying certain constraints.  Such 

procedures are iterative and involve several re-analyses before an optimum solution can   be   

achieved. 

2.2. History of Optimization  
SO has been a topic of interest for over 100 years, beginning with the early works of 

Maxwell in 1869 and Michell in 1904. In the 1940s and early 1950s, considerable analytical 

work was done on component optimization as represented by such works as Shanley’s,[8] 

For Example of maximum volume with surface area  Analysis of Shell, Cylindrical Tank , 

Silos Structures .The existence of optimization methods can be traced to the days of 

Newton, Lagrange, and Cauchy.[9], [10] . Development of linear programming techniques 

by Dantzig [11] , together with the advent of the digital computer, led to the application of 

mathematical programming techniques to the plastic design of beam and frame structures 

as described by Hyman [12] . Schmit in 1960 was the first who offered a comprehensive 

statement of the use of mathematical programming techniques to solve the nonlinear, 

inequality constrained problem of designing elastic structures under a multiple of loading 

conditions. He combined numerical optimization with finite element analysis, itself an 

emerging technology, to solve the structural synthesis problem [13], [14], [15] .Dantzig 

and Charnes and Cooper developed stochastic programming techniques and solved 

problems by assuming design parameters to be independent and normally distributed 

[16]. In the late 1970s Fleury and Sanders 1977 reconciled numerical optimization and 

optimality criteria methods by showing that optimality criteria is closely related to duality 

theory in numerical optimization [17]. The1980s were a period of refinement and the 

initial steps of creating commercial SO software. Second generation approximations were 

created using force approximations in 1990 [15]. Finally, the literature on engineering 

optimization is large and diverse.  

2.3. Introduction 
The purpose here is to briefly review the important of SO leading to the current state 

of the art and offer examples to demonstrate the power of optimization to enhance the 

design and construction process. The ever-increasing demand to lower the production costs 

due to increased competition has prompted engineers to look for rigorous methods of 

decision making such as optimization. As a result, engineering optimization was developed 

to help engineers design systems that are both more efficient and less expensive and to 

develop innovative methods to improve the performance of the existing systems. 

Engineering optimization can best be classified as a rigorous mathematical approach to 

identify and select a best candidate from a set of probable designs alternatives [10]. 

Optimization in its broad sense can be applied to solve any engineering problem. 
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Having reached a degree of maturity over the past several years, Optimization methods 

coupled with modern tools of computer-aided design are also being used to enhance the 

creative process of conceptual and detailed design of engineering systems. [10].There is 

no single method or technique for solving all optimization problems efficiently. Hence, 

many optimization methods have been developed for solving different types of 

optimization problems. It is in the entire discretion of the engineer to choose a method, 

which is computationally efficient, accurate and appropriate for his design problem. 

2.4. Engineering Applications of Optimization  
1. Design of civil engineering structures such as frames, towers, shells, etc. for min. cost. 

2. Minimum-weight design of structures for earthquake, wind, and other types of loading. 

3. Design of aircraft and aerospace structures for minimum weight. 

4. Design of water resources systems for maximum benefit. 

5. Optimum design of gears, machine, electrical tools, and other mechanical components. 

6. Design of material handling equipment, such as conveyors, and cranes, for min.cost. 

7. Optimal production planning, controlling, scheduling, and Inventory control etc.[10] 

2.5. Design Optimization: What Is Design Optimization? 
Design Optimization: is selecting the “best” design within the available means. 

1. What is our criterion for “best” design? Objective function. 

2. What are the available means? Constraints (design requirements). 

3. How do we describe different designs? Objective function [18], [19]. 

Optimization may be defined as a process of maximizing or minimizing a desired 

objective function while satisfying the prevailing constraints [14]. In every stage of design, 

construction and maintenance of engineering systems, engineers are bound to take certain 

technological and managerial decisions.  The ultimate goal of all such decisions is either 

to minimize the effort required or maximize the desired benefit [10] 

In engineering, we create products. To do this, we normally use computer analysis to 

judge the quality of our designs. We use FEA to calculate stresses, deflections, vibration 

frequencies, etc. Of a structure in almost all disciplines, we use computational, and 

sometimes experimental, tools to judge the quality of our proposed designs. If not 

satisfactory, we modify the design and perform repeated analyses in an effort to improve 

the product, or at least meet the design requirements [15]. 

This traditional approach of analysis and revision normally involves only changing a few 

variables (often only one) at a time and does not account very well for the interaction 

among the variables. Now we can change large numbers of design parameters 

simultaneously in order to improve the design while satisfying all design requirements, at 

the same time accounting for the   interactions   among   the   parameters.This   is exactly   

what numerical optimization does. Today’s computers are very fast, we can find an 

optimum design with much less time and effort than just finding an acceptable design using 

traditional methods. Conceptually, design optimization    involves: 

1. The selection of a set of design variables to describe design alternatives. 

2. The selection of an objective (criterion), expressed in terms of the design variables, which 

we seek to minimize or maximize.  

3. The determination of a set of constraints, expressed in terms of the design variables that 

must be satisfied by any acceptable design. 

4. The determination of a set of values for the design variables that minimize (or maximize) 

the objective function while satisfying all the constraints [19], [20],[21]. 
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2.6. Optimization Methods  
The modern optimization methods, also sometimes called nontraditional optimization 

methods, have emerged as powerful and popular methods for solving complex engineering 

optimization problems in recent years. [10]. And the MIT [18] divided the  to two parts: 

1-Gradient-based methods : A)Unconstrained   B) Constrained 

2-Heuristic methods :  Heuristics are typically used to solve complex optimization 

problems that are difficult to solve to optimality. Heuristics are good at dealing with local 

optimal without getting stuck in them while searching for the global optimum [18]. 

2.7. The Problem Formulation Process  
The formulation of an optimum design problem involves translating a descriptive 

statement of the problem into a well-defined mathematical statement. We shall describe 

the tasks to be performed in each of the five steps to develop a mathematical formulation 

for the design optimization problem. These steps are illustrated with examples in [22],[23]. 

1. Step 1: Project/Problem Statement: The formulation process begins by developing 

a descriptive statement for the project, which is usually done by the project’s owner. The 

statement describes the overall objectives of the project and the requirements to be met. 

2. Step 2: Data and Information Collection: To develop a mathematical formulation 

of the problem, we need to gather material properties, performance requirements, resource 

limits, volume or cost of raw materials, and other relevant information.  

3. Step 3: Identification/Definition of Design Variables (DV): The next step is to 

identify a set of variables that describe the system, called design variables. In general, they 

are referred to as optimization variables and are regarded as free because we should be 

able to assign any value to them. Different values for the variables produce different 

designs. We shall use the term “design variables” to indicate all unknowns of the 

optimization problem and represent in the vector X. To summarize, the following 

considerations should be given in identifying design variables for a problem: 

• Design variables should be independent of each other as far as possible.  

• A minimum number of design variables required to formulate a design optimization   

  problem properly exists. 

• As many independent parameters as possible should be designated as design variables   

   at the problem formulation phase. 

• A numerical value should be given to each variable once design variables have been  

  defined to determine if a trial design of the system is specified. 

4. Step 4: Identification of a Criterion to Be Optimized: There can be many feasible 

designs for a system, and some are better than others. To compare different designs, we 

must have a criterion. The criterion must be a scalar function, whose numerical value can 

be obtained once a design is specified, i.e., it must be a function of the design variable 

vector X. Such a criterion is usually called an objective function for the optimum design 

problem, which needs to be maximized or minimized depending on problem requirements. 

A criterion that is to be minimized is usually called the volume or cost function in 

engineering literature. The selection of a proper objective function is an important decision 

in the Design process. e.g., we always want to minimize the volume or cost or maximize 

return on an investment. In some situations, two or more objective functions may be 

identified. For example, we may want to minimize the weight of a structure and at the 

same time minimize the deflection or stress at a certain point. These are called multi-

objective design optimization problems. It’s our case. 
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5.  Step 5: Identification of Constraints: All restrictions placed on a design are 

collectively called constraints. The final step in the formulation process is to identify all 

constraints and develop expressions for them. Most realistic systems must be designed and 

fabricated within given resources and performance requirements. For example, structural 

members should not fail under normal operating loads. Members must fit into available 

amounts of space. All these and other constraints must depend on the design variables, 

since only then do their values change with different trial designs; i.e., a meaningful 

constraint must be a function of at least one design variable After these basic definitions, 

a method of optimization has to be chosen, or developed, that will give us the best solution 

in the shortest time. [22],[23], [24].    

2.8 General Mathematical Model for Optimum Design 

To describe optimization concepts and methods, we need a general mathematical 

statement for the optimum design problem. Such a mathematical model is defined as 

minimization of a volume or cost function while satisfying all the equality and inequality 

constraints. The inequality constraints in the model are always transformed as “  types.” 

This will be called the standard design optimization model. It will be show that all design 

problems can easily be transcribed into the standard form [22],[23]. [25], [26] 

2.8.1.   Standard Design Optimization Model (Optimization Statement) 

    All problems have an optimization criterion that can be used to compare various 

designs and determine an optimum (the best) one. Most design problems must also satisfy 

certain constraints. Some design problems have only inequality constraints, others have 

only equality constraints, and some have both inequalities and equalities. We can define a 

general mathematical model for optimum design to encompass all the possibilities. A 

standard form of the model is first stated and then transformation of various problems into 

the standard form is explained. Standard Design Optimization Model: For convenience of 

reference, the general constrained optimization problem treated in as find an n-vector:                                                                             

                                      ( )1 2, ,....., nX X X X=  

 of design variables (DV) to minimize a volume or cost function  

                        ( ) ( , , ,....., )1 2 3 nf X f X X X X=                                  (2.1)  

 Subject to the p equality constraints   

               ( ) ( ), , , ;j j 1 2 nh X h X X X 0 j 1 to p= = =                 (2.2) 

And the m inequality constraints   

                 ( ) ( ), , , ;i i 1 2 ng X g X X X 0 i 1 to m=  =                (2.3)                  

Note that the simple bounds on design variables, such as 
iX 0 , or

il i iuX X X  , 

where 
ilX  and 

iuX  are the smallest and largest allowed value for 
iX  , are assumed to be 

included in the inequalities of Eq. (2.3) .The performance requirements involve constraints 

on member stresses, strains, deflections at key points, buckling failure, and so on.[21], [22] 

2.8.2. Discrete and Integer Design Variables (DV). 

 A design variable (DV) is called discrete if its value must be selected from a given 

finite set of values. For example, the plate thickness must be the one that is available 

commercially, i.e., 1/8, 1/4, 3/8, 1/2, 5/8, 3/4, 1, and so on. [22], [23],[27]. 

2.9.   Structural Optimization- What is structural optimization? 

The aim of the optimal structural design is to obtain a design, a set of values for the 

design variables, which minimizes an objective function and complies with the constraints 
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that depend on the variables [6].The whole process of structural design may be regarded  

as that of seeking the best set of design variables under  given design requirements, where 

the  variables  that can be determined by the  designers  are called  design  variables. [22]. 

Optimization techniques play an important role in structural design, the very purpose 

of which is to find the best solutions from which a designer or a decision maker can derive 

a maximum benefit from the available resources. SO seeks to achieve the best performance 

for a structure while satisfying various constraints such as a given amount of material. 

Optimal structural design is becoming increasingly important due to the limited 

material resources, environmental impact and technological competition, all of which 

demand lightweight, low-volume or cost and high-performance structures. 
The design variables of a structure can be properties of the cross-section of the 

elements (surface areas, thicknesses, inertia moments, etc.); structural geometry 

parameters; structural topology parameters and properties of the material of the structure. 

The type of optimization carried out depends on the type of variables being considered. 

Traditionally, the design of minimum weight structures has been sought, which has led to 

the fact that the most common objective function is the weight of the structure. 

Nevertheless, the weight is not the determining factor in other applications, and other 

objective functions are used, such as cost, reliability, stiffness, etc. The constraints are the 

conditions that the design must comply with in order to be regarded as valid. [6]. 

 Over the last five decades the availability of high-speed computers and the rapid   

improvements in algorithms used for design optimization have transformed the topic of 

SO from the previous narrowness of mostly academic interest to the current stage where 

a growing number of engineers and architects start to experiment with and benefit from the 

optimization techniques. [29]. 

The basic strategy of structural design optimization may be simply stated as: Find 

his/her best solution by modifying the design variables based on the experience and 

trial-and-error process. However, the following questions may arise: 

• How does the best solution defines? 

• How can we modify the design variables if the solution is not preferable? 

Optimization can answer these questions.The SO problem is regarded as an 

application of optimization problems to the field of structural design. [22] ,[30] . 

On the other hand, structural optimization provides us with the following benefits: 
• The solution can be found automatically and efficiently satisfying all the constraints 

on the responses such as stresses and displacements, and simultaneously minimizing the 

objective function such as total structural volume. 

• The optimization tool helps decision making of the designer; i.e. it is not an 

automatic design tool that has negative impressions to the structural designers. 

• The designers can spend more time for the jobs of higher level if optimization tools 

are effectively used for decision making. 

• Even if the optimal solution cannot be used directly in design practice, the solution 

gives insight to the better d e s i g n [ 2 2 ] ,[23]. 

2.10. Classification of optimization structural problems: 

The SO techniques played a major role to obtain a best solution satisfying any engineering 

specification required by a designer. SO can be largely classified into three main areas: 

size optimization, shape optimization and topology optimization [21], [22], [30], [31],[ [32]. 

2.10.1. Size optimization: 
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 In this optimization, sizing variables may be used to define the thickness distribution 

or cross-sectional properties of the structural components. The goal of size optimization 

is to find the optimal design by changing the size variables such as the cross-sectional 

dimensions of trusses and frames, or the thicknesses of plates and shells. This is the easiest 

and earliest approach to improving structural performance. Fig. 2.3. 

 2.10.2. Shape optimization: 

 In this optimization, geometrical or shape variables may be used to define the 

structural geometry. A change in the structural shape is reflected in part by the variations 

in the shape variables. It is mainly performed on continuum structures by modifying the 

predetermined boundaries to achieve the optimal designs. In a typical case of shape 

optimization such as the boundary variation method, the objective is to refine the initial 

shape to an optimized shape, which achieves minimal mass equivalent stress in the body. 

2.10.3. Topology optimization: 

Topological   variables   define   the   pattern   of   connection   of elements, regions or 

components or the number and special sequence of elements, joints and   supports or the   

material distribution.  In topological design, material is redistributed, or elements are added 

or deleted during the design process. For discrete structures, such as trusses and frames, is 

to search for the optimal spatial order and connectivity of the bars. Topology optimization 

of continuum structures is to find the optimal designs by determining the best locations and 

geometries of cavities in the design domains. Fig. 2.5. All three designs are suitable to 

transfer the load to the supports whereas the material distribution in the design space is 

totally different. See n Fig. 2.1, 2.2. [21],[22],[34].[35],[36]. 

 

 

 

 

 

 

2.11. General formulation of optimization problem 
The optimization problem can be formally formulated as volume minimization problem: 

Minimize objective function ( cost, weight, volume) Subject to constraints on mechanical 

performances,  where subject to means under constraints on, and the mechanical 

performance includes member stresses, nodal displacements , etc .The minimization 

problem can be alternatively written as    Objective function   → minimize.The constraints 

are determined from building codes.  The total structural volume (or weight) is usually 

given as the  objective function, because: 

• Generally, reduction of the weight leads to less cost, especially for spatial structures 

where the self-weight has the large portion of the design loads. 

• Irrespective of the definition of the objective function, it is important that a solution 

satisfying all the constraints, called feasible solution, is obtained after optimization. 

• If the concept of minimum weight is not acceptable, it will be better is Performance 

maximization problem ,Maximize   mechanical performance Subject to   upper bound 

for cost (weight, volume)   [22],[37],[38] 

      Fig. 2. 1 Size designs of a truss     Shape designs of a truss                 Topologies designs of a truss 
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What is needed for structural optimization?         

The solution methods of SO may be divided to 

gradient-based mathematical programming 

approach and heuristics. In the latter approach, the 

optimal solutions can be found if analysis can be 

done many times. Therefore, the structural engineers 

have to use the software packages or libraries to 

obtain optimal solutions. However, fundamental 

knowledge of optimization is important because 

• I f  you do not know the class of the problem to be 

solved, you cannot find an appropriate software. 

 • If you need to modify the input parameters for 

optimization, you should know the meaning of the 

parameter.• If you do not have any expertise, you 

just abandon optimization when no solution  

What can we get from optimization? In view of code-

based design, effectiveness of using optimization 

approach may be summarized as: 

• Solution satisfying all the constraints is obtained. 

• Optimization is very helpful for special structures, such as space frames, Fig. 2.9. 

• If we start from a solution found by an expert, the solution cannot be worse after 

optimization, and usually a better solution can be found. 

Furthermore, in view of decision making: • The trade-off relation between the 

volume or cost and performance, as well as the process of decision making, can be 

made clear, if optimization is carried out several times by modifying the input 

parameters such as the volume or cost coefficients and upper bound of responses. The 

most positive way of using optimization may be: 1• Find new shape by optimization. 

2• Realize innovative structure that cannot be found without optimization. [39] 

              
Fig. 2. 3 Roof of a gym in Kuwait, Structural optimization used in space frame     

In the following, effectiveness of topology, geometry optimization is demonstrated using 

a truss:                                                             W 

                                                           H                                                 H                                                                                

                                                                                      P                                                           

 

 

 

 

 Fig. 2. 4 Optimal cross-sectional areas for four units 

Example of topology for the case where H/W is small. 

Fig. 2. 2 Structural optimization 

tasks  
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Table 2.1 Relation between number of units and the optimal structural volume 

Number of units 2 3 4 5 6 

Optimal structural volume   m3 16.20 15.33 15.30 15.60 16.07 

A frame as Fig. 2.10.a, b will be better. Therefore, we next consider a truss for hanging 

an object.  Since the truss in Fig. 2.10. b is statically determinate; an optimal design can 

be obtained by assigning the cross-sectional areas so that the absolute values of the stresses 

of all members are equal to the upper bounds. 

Optimal solutions have been found for the number of units 2, 3, 4, 5 and 6, where H/W = 

0.2. The relation between the number of units and the optimal structural volume is as listed 

in Table 2.2 It is observed from Table 2.2 that the structural volume takes minimum when 

the number of units is 4, and the optimal cross-sectional areas are as shown in Fig. 2.11 

where the width of each member is proportional to its cross-sectional area.  This way, the 

objective values can be further reduced by optimizing the topology.  

The method, along with a specific solution technique of course, different SO types 

may be combined to solve one optimization task. Topology optimization may be 

followed by shape optimization or shape optimization may be coupled with internal 

material parameter optimization [41],[36],[35]. [42],[30]. 

2.12. Structural Optimization Techniques 
SO problem can be stated mathematically as one of minimizing/maximizing a 

specific objective function subjected to certain constraints which might include 

equality/inequality constraints and bounds on the design variables. Having defined 

the problem, the initial structural shape is defined in some convenient form [20].For 

the present research work, the FEM is used and SAP-2000 program which is robust, 

reliable, compatible to many fields of engineering, consisting many types of elements 

and having all the above-mentioned modules is used as solver and optimizer.  

SO problems can be divided into two main categories based on the type of design 

variables i.e. Sizing optimization and shape optimization .During optimization of 

structures with sizing design variables, the shape of the structures remains unchanged. 

Sizing design variables can be cross-section area, plate thickness,etc. Shape 

optimization is more complex than the pure sizing minimization in the sense that the 

shapes are continuously changing during the optimization process In the terminology 

of optimization, these are: 

❖ The objective(s); 

❖ The equality and inequality constraints;  

❖ The upper and lower bounds of the design parameters.[1]                             

In general, SO techniques are mixture of engineering concepts and mathematical 

principles. The various optimization techniques that have been    developed and used 

extensively in engineering design optimization are briefly reviewed in this section. 

2.12.1.Integrated approach to shape optimization :  
The basic algorithm for structural shape optimization is showning in Fig. 2.14. It 

consists of the following modules. Typically, the geometry of the shell is described with 

the coordinates specified at certain key points. The thickness distribution may also be 

defined with thickness values specified at the key points. These rise, thickness values and 

the shapes are   taken   as      the   design   variables.  This   module   reads   the   data 

concerning the initial geometry of the structure to be analyzed, mesh parameters, material 

properties, boundary conditions, loads etc. The mesh generator requires only the 
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definition of the boundaries with a desired mesh density to generate meshes of good 

quality with a facility for automatically updating the loading and boundary conditions.  

The structural analysis module uses FEM to evaluate the stiffness and the loads   and   

then   to   assemble   and   solve   the   governing   equations incorporating the boundary 

conditions.  This module gives the nodal displacements, reactions and evaluates the stress 

resultants [20]. 

2.13. Summary and Conclusion 
This chapter begins with general 

overview, historical and introductions of 

the Optimization. The definition, 

methods and applications of optimization 

are presented. The importance of 

optimization techniques in the field of 

engineering is discussed.  This chapter 

also describes Design Optimization, 

Optimization Methods and how the 

optimization problems are Formulated 

Process steps based on their mode of 

behavior, type of design variables 

Discrete and Integer. Also describes the 

general mathematical model for optimum 

design. And standard design optimization 

model,general concepts related to 

numerical algorithms, a general 

algorithm, role of interaction in design 

optimization. 

 Finally, what is SO? Classification 

optimization structural problems (Size 

optimization, Shape optimization, Topology optimization, with examples), general 

formulation of optimization problem, and SO techniques. From the above we can 

conclude the following: The optimization of engineering design has become very 

important and urgent in all areas of life in order to economize the material resources 

and reduce the financial costs and shorten the time as that SO increase the rigidity and 

stability of constructions and reduce internal forces.Optimization can be applied to 

solve any engineering problem, some typical ,applications from different engineering 

disciplines indicate the wide scope of the subject, Design of civil engineering 

structures, aircraft and aerospace structures, etc. That the ultimate goal of structural 

engineering design optimization is to develop the “best” possible structural system 

that meets the requirements   and   the   client’s   demands.“Best” could   mean, for 

instance, cheapest, lightest, stiffest, or   any   compromise   design balancing a number 

of design criteria. 

  

Fig. 2.  5 Basic algorithm for 

structural shape optimization  
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CHAPTER 3    FINITE ELEMENT METHOD 

3.1 Definition and Historical Overview 

The Finite Element Method (FEM) is a powerful numerical technique for obtaining such 

approximate solution with good accuracy of boundary value problem in engineering and, 

well suited to digital computers, which can be applied to solve problems in solid mechanics, 

fluid mechanics, heat transfer and vibrations. The FEM or FEA is based on idea of building 

a complicates object with simple block, or, dividing a complicated object into small and 

manageable pieces. Application of this simple idea can be found everywhere in everyday 

life, as well as in engineering[20],[43],,[44],[45],[46]. 

      In recent years, the FEM has become widely accepted by engineering professions 

as an extremely valuable method of analysis. This application has enabd satisfactory 

solution to obtain for many problems which had hitherto be regarded as insoluble and the 

amount of research effort currently being devoted to the FEM ensures a rapidly widening 

field of application.  

 The procedures to solve problems in each of these fields are similar; however, this 

discussion will address the application of FEM to solid mechanics problems.  In all finite 

element models the domain (the solid in solid mechanics problems) is divided into a finite 

number of elements.  These elements are connected at points called nodes.  In solids 

models, displacements in each element are directly related to the nodal displacements.  The 

nodal displacements are then related to the strains and the stresses in the elements.  The 

FEM tries to choose the nodal displacements so that the stresses are in equilibrium 

(approximately) with the applied loads.  The nodal displacements must also be consistent 

with any constraints on the motion of the structure [46]. 

In reality, these elements are connected together along their common boundaries, 

however, in order to make a solution by the matrix method of structural analysis possible, 

it is assumed in the case of simple elements that these elements are only interconnected at 

their nodes; this assumption by itself means that continuity requirements are only satisfied 

at the nodal points. The FEM converts the conditions of equilibrium into a set of linear 

algebraic equations for the nodal displacements.  Once the equations are solved, one can 

find the actual strains and stresses in all the elements.  By breaking the structure into a larger 

number of smaller elements, the stresses become closer to achieving equilibrium with the 

applied loads.  Therefore an important concept in the use of  FEM  is that, in general, a 

finite element model approaches the true solution to the problem only as the element density 

is increased [50],[45]. 

As mentioned above, FEM is one of the most used numerical analysis methods. It gives 

an approximate solution to boundary values for a set of partial differential equations which 

describes the equilibrium of the structure at hand. The general idea behind this method is 

first to simplify the structure into a model which represents the structural behaviour 

correctly, thus has the appropriate boundary conditions and material/physical properties. 

Then, discretize it into a finite number of simplified elements where it is easier to find 

solutions to. In a displacement based FEM, first the displacement field in each element is 

approximated by so called shape functions. Then strains and stresses are calculated from 

this displacements. Performing structural analysis using FEM can be summarized into the 

following steps:[43] 
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Fig. 3. 1 Finite element analysis procedures 

3.2. Basic Steps in the Derivation of the Element Stiffness Characteristics. 
The basic steps can be summarized in the FEM, which includes the general relationships 

of this method and get the stiffness  matrix in the following  seven basic steps 

[46],[50],[45],[51],[52] [53],[54]. 

1- Step I: Identify Problem: The first step is to choose a suitable co-ordinate system and 

node numbering for the element.                                    

   e- Mean one element                           e e e
F K  = •

 
                                (3.1) 

2-Step II: Select Suitable Displacement Function: A displacement function that uniquely 

defines the state of displacement at all points within the element is chosen. 

                                               ( )  ( )  , ,x y f x y  =                           (3.2) 

3-Step III: General Relationships between the Displacements within the Element and Nodal 

Displacements  

                                                          e
A = •                                (3.3 a)                                                                                                      

                                ( )  ( )    1
, , e

q x y B x y A q
−

 = • •                            (3.3 b) 

4-step IV: Strain displacement relationships :  ( )     , e
x y B = •                 (3.4) 

 
 

 

 

Fig. 5.1 Procedure of FEM 
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5-Step V: Stress- Strain Relationships:  ( )       , e
x y D B = • •                  (3.5)

  
 

6-Step VI: Relate Nodal Load to Nodal Displacements 

                         ( )  
v

Te e
F B D B d vol 

 
 = •
 
 


                                    (3.6) 

        ( )
v

Te
K B D B d voL= 

 

7-Step VII: Stress-Displacement Relationships :       H D B= •                                (3.7) 

3.3. Basic steps in the solution procedures: 
There are a number of steps in the solution procedure using FEM. All finite element 

packages require the user to go through these steps in one form or another [45],[46],[57]. 

I-Specify Material Properties and Units:The Young's modulus and the Poisson's ratio. 

The units of Young's modulus E must agree with proper dimension units and force units. 

II-Specify Geometry of Model: we can import geometry from CAD programs or create 

geometric model from beginning by tools of preprocessor. 

III-Specify Properties of Finite Elements: We must select types of finite elements, 

(beam, plate….) considering the shape of geometric model and type of strains and stresses. 

IV-Generate the Mesh of elements:  We only define minimal size of element and 

minimal number of elements and we select one of FE properties (defined in previous step) 

then the geometric model of structure is discretizing (divide or meshed) automatically into 

small elements connected by nodes.  

V-Define Constraints (Boundary Conditions): by subtracting Degrees of Freedom 

 VI-Define External Loads: forces, moments or other for selected nodes or elements. 

After every step we can save the model onto disk file. 

VII-Calculate a Solution: by exporting the model to solver (processor), run solving, 

and importing results to postprocessor. 

VIII-Post processing: Based on the initial conditions and applied loads, data is returned 

after a solution is processed.  This data can be viewed in a variety of graphs and displays. 

IX-Refine the Mesh: FEM are approximate methods and, in general, the accuracy of 

the approximation increases with the number of elements used.  The number of elements 

needed for an accurate model depends on the problem and the specific results to be extracted 

from it.  Thus, to judge the accuracy of results from a single finite element run, you need to 

increase the number of elements in the object and see if or how the results change. 

X-Interpreting Results: This step is perhaps the most critical step in the entire analysis 

because it requires that the modeler use his or her fundamental knowledge of mechanics to 

interpret and understand the output of the model.  This is critical for applying correct results 

to solve real engineering problems and in identifying when modeling mistakes have been 

made (which can easily occur). 

3.4. Combined using of the Optimization theory and the Finite element method: 

For decades, the development of FEA has played an important role design various and 

complex structures along with the achievement of computational efficiency. The area of SO 

has expanded with the advancement of FEA in various industry fields from automotive to 

electronics, mostly designing the mechanical elements and devices. The SO techniques 

played a major role to obtain a best solution satisfying any engineering specification 

required by a designer [33]. 
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The invention   of powerful structural analysis methods, such as the FEM reduced the 

time needed for one optimization cycle because a product does not have to be built anymore 

to find out about its performance properties.  

  Still, the optimization process requires intuition to identify the improving design 

changes and manual work to implement these changes in the structural analysis models, 

evaluating the results of the new simulations, and comparing these with the previous results.  

Apart  from this,  in complex situations human  intuition may  fail at  finding  the  improving  

design  variations and  the path  from the  initial  to a fully optimized  design is often so 

winding that a large number of very small straight steps is required  to follow it up [40]. 

3.5. Practical Considerations for Numerical Optimization 
From Vanderplaats  [58], we quote  advantages and limitations of numerical optimization. 

Advantages of Using Numerical Optimization 

• A major advantage is the reduction in design time this is especially true when the same 

computer program can be applied to many design projects. 

• Optimization provides a systematized logical design procedure. 

• We can deal with a wide variety of design variables and constraints.  

• Optimization virtually always yields a design improvement. 

• It is not biased by intuition or experience in engineering.  Therefore, the possibility of 

obtaining improved, nontraditional designs is enhanced. 

• Optimization requires a minimal amount of human-machine interaction. 

3.6. Summary and Conclusion: 
This chapter begins with general overview, introductions and the importance FEM,  also 

describes the definition and methods of Basic Steps in the Derivation of the Element 

Stiffness Characteristics and Basic steps in the solution procedures, and Combined using of 

the Optimization theory and the FEM and Practical Considerations for Numerical 

Optimization. FEM is a powerful numerical technique for obtaining such approximate 

solution with good accuracy of boundary value problem in engineering and, well suited to 

digital computers, which can be applied to solve problems in solid mechanics, fluid 

mechanics, heat transfer and vibrations etc... 

 The FEM OR FEA is based on idea of building a complicated object with simple block, 

or, dividing a complicated object into small and manageable pieces. Application of this 

simple idea can be found everywhere in everyday life, as well as in engineering.  

      In recent years, the FEM has become widely accepted by engineering professions 

as an extremely valuable method of analysis. This application has enable satisfactory 

solution to obtain for many problems which had hitherto been regarded as insoluble. 

The FEM converts the conditions of equilibrium into a set of linear algebraic equations 

for the nodal displacements.  Once the equations are solved, one can find the actual strains 

and stresses in all the elements.  By breaking the structure into a larger number of smaller 

elements, the stresses become closer to achieving equilibrium with the applied loads.  

Therefore, an important concept in the use of FEM is that, in general, a finite element model 

approaches the true solution to the problem only as the element density is increased. 

The FEM used in this thesis and have been extensively used by many researchers and 

have been found to be reliable and acceptable.  The results obtained from the analysis of 

the shell model will be studied and discussed in the finite elements method in Chapter 6 

and compared with each other by changing the design variables (DV). 
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CHAPTER 4   SHELLS STRUCTURES 

 4.1. Introduction:  
The term shell may be defined as the materialization of a curved surface in structural 

engineering.  These shells are strong, stiff, compact and yet light and hence considered as 

one of the most efficient structural forms. Thin shells are an example of strength through 

form as opposed to strength through mass.  

The wide use of shell structures has resulted from the increased knowledge of their 

mechanical behavior and load carrying potential in addition to the availability of new 

materials and techniques for construction and manufacturing. A major advancement has 

been the development of various computational models to simulate the shell behavior. This 

has been accelerated by the advances made in numerical methods and computational 

technology as well as by the enormous growth in computer software, hardware capabilities. 

The design process may be considered as an interactive process since   analysis   must   

be   carried   out   repetitively   to   check   each intermediate design and finally to obtain 

the best possible design.  In this context, optimization techniques have inevitably been 

introduced into the field of structural engineering to obtain optimum structural designs in a 

more systematic way. With the advantage of CAD tools, FEA and   optimization   

techniques, a   smooth optimum   shell   shape   has   been   obtained   from   the   optimization 

process.  SO combines  mathematics  and mechanics  with engineering  and has become  a 

multidisciplinary  field with applications in areas such as civil, mechanical, automobile and 

aeronautical engineering etc. [20]. 

4.2. Static Analysis of Axisymmetric Shells 
Owing to their distinct geometrical and structural form, shells of revolution   with   

axisymmetric   loading, boundary   conditions   and material disposition can be idealized as 

effectively one-dimensional problems   and   can   be   solved   efficiently   using   computer   

based numerical procedures. Among the various numerical methods, the FEM has been the 

most prominent in the analysis of shells of revolution 

An analytical model of the structure is created for investigation prior to implementation 

in real life. In structural engineering, the careful selection of structural configurations and 

materials, which are combined to produce the best design under the effects of all 

considerations such as static loads, structural dynamics, buckling, safety requirements, and 

cost, is the thrust of an optimization problem. The interaction of the analysis phase with the 

optimum design has changed the orientation of a design engineer. Shells structures find 

applications in various disciplines of engineering. They are pleasing in appearance and 

economical due to the small thickness of the shell wall. Mostly, they are used as roof 

structures, fluid and solid retaining structures, cooling towers, aerospace structures, etc.  

The geometry of the shell structure is unique and challenging due to curvature in its 

shape. This curvature is not only aesthetically attractive but also provides strength. A typical 

example is the case of an A4 paper supported at its shorter edges and unable to carry its self 

weight and thus having a large deflection. The response is altogether different if it is slightly 

arched upward, as now it can support the self-weight easily. 

 And the Domes is important part from shells constructions. It is a rounded roof, with a 

circular base, shaped like an arch in all directions. First used in much of the Middle East 

and North Africa whence it spread to other parts of the Islamic world, because of its 

distinctive form the dome has, like the minaret, become a symbol of Islamic architecture. 

Fig. 4.1.Dome has double curvature and the resulting structure is much stiffer and stronger 
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than a single curved surface, such as a barrel shell. The curved shapes often used for 

concrete shells are naturally strong structures, allowing wide areas to be spanned without 

the use of internal supports, giving an open, unobstructed interior. The use of concrete as a 

building material reduces both materials volume and the construction cost. 

Modern shells theories have been around for about 200 years. The plate (flat) structures 

served as an instinct for these theories, and in two centuries shell structures have gained 

much popularity leaving far behind the application of plate structures. Starting from Love-

Kirchhoff assumptions, involving mathematicians to solve complex differential equations, 

getting surpassed by development of forms from straight-line generatrices, and finding vast 

application in major engineering disciplines with the advent of computation technology, 

shell application has always generated considerable interest amongst researchers. Flugge, 

Naghdi, Sanders, Koiter, Novozhilov are some of the most prominent persons who 

contributed to the development of shell theory [60], [59]. 

Despite the vast advances in shell theories solutions to practical shell Problems were 

limited and mostly approximate till the advent of computation technology and computer-

based procedures such as the FEM. As An example, it has been virtually impossible to study 

seismic response of shells Prior to this advent. In the last half of the 20 century, computer 

based numerical Procedures have provided tools to enable any form of shell structure to be 

analyzed Under all possible loading conditions without developing prototype models. FEM 

is easily the most popular and versatile tool for such analysis [59]. 

        
Fig. 4. 1 Two shells      (left) in Sofia 1576          (Right) in Kuwait 1986 

4.3. The Concept and Importance of Shell Structures: 
Shell structures have been used in construction for many years to span over large 

column fewer spaces.  New forms and variations on old ones have become popular in 

construction.  The structural action of shells facilitates the efficient use of materials.  The 

wide variety of shapes available results in aesthetically pleasing structures that enclose 

flexible space. Two design codes that contain recommendations for the analysis of concrete 

shells are the codes of the American Concrete Institute (ACI), and the International 

Association for Shell and Spatial Structures (IASS) [4], [61].The span of the shell is 

determined by its final usage. Shells can span up to 200 m and more. Today, the largest 

span of a shell is the 218 m span of the CNIT in Paris, as mentied above.  

When the span is known, the rise and radius of curvature must be set. According to ACI 

Committee 344 domes usually give rise to span ratios of 1/10 to 1/6 [4]. In addition, the rise 

to span ratio (F/L) can vary widely, though most shell structures occur in the range of rise 

to span ratios of 1/10 to 1/2. Thus, even a simple two-dimensional arch has infinite possible 

forms which would act in pure compression under self-weight, depending on the 

distribution of weight and the rise of the arch [1]. while Scordelis [62]  reports on shells 
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with rise to span ratios of 1/7.7 to 1/5 and radius of curvature to span ratios of 1 to 0.707 

Shells with lower ratios than 1/7 are considered to be shallow shells. It is generally 

suggested that the rise should be larger than 1/10. The rise to span ratio also fixes the radius 

of curvature. The rise to span ratio optimality depends on the desired design goal. For a 

minimal volume of material in parabolic arches, membrane stress state is 0.4, for the same 

purpose, a dome in the form of a spherical cap embedded in the base, has an optimal rise to 

span ratio of 0.3 in shallow shells [4], [63], [64]. The Chernobyl site was recently incubated 

by large vault rise to span ratio is 0.4, with dimensions deserving to be qualified 

extraordinary where the height is 110 meters and an opening of 257 meters [63]. 

Candela believes that every shell has an optimum span, keeping in mind structural, 

practical and economical parameters. Spans which exceed 30 m makes the shell rise greater 

giving it tremendous cubage, which requires costly formwork. [4]. 

The thickness of the shell is an important parameter in shell design. Because the dead 

weight of the shell often represents the major portion of the total load, there is a desire to 

reduce the thickness.  Secondly, thinner shells approach more closely to the profound able 

membrane state. However, a reduced shell thickness is less favour able of resisting bending 

moments. Fortunately, the edge disturbances have only local character and can be 

compensated by local increase of thickness.  The practical thickness is the minimum 

thickness of the conventional concrete shell. Structural considerations may, however, force 

the designer to increase the thickness. Most shells have an increased thickness near the 

supports to prevent stress concentrations and to facilitate the force flow to the supports. 

Long span shell structures may take this increase thickness to be necessary over the 

complete shell surface. Although, the shell thickness has no influence on the membrane 

stresses (the thickness parameter falls out of the equations) and only minor influence on the 

bending stress (double thickness increases the bending moment just 26%) the thickness is 

important for buckling considerations. [4]. 

Elastic thin shells occupy a broad place of application in other technical areas of 

construction, due to the relative lightness of their weights and their ability to resist the large 

loads and also because many of the economic and structural preferences. its definition is 

those specific objects between the two curves surfaces distance between them "t " be small 

compared with the other dimensions .Studies show that the Elastic thin shells theory gives 

acceptable results (error does not exceed 5%) always when it keeps the following ratio of

/ /1 20 t R  [65], [66],[67].This ratio is defined by slenderness ratio "t "the thickness of 

shell and "R" the radius of curvature smaller shell  Most of shells used in practical life is 

the slenderness ratio within the " / / /1 20 t R 1 1000  "[4], [65],[68], This is why the 

study of Elastic thin shells deserves special attention [69]. 

And Elastic thin shells theory adopt of the basic assumptions, 

1-Homogeneous (isotropic) material shells identical specifications in all directions. 

2-Relationship between the stresses and strains defined on the generalized Hooke's Law 

3. Displacement   in the shell relatively small compared with the thickness. 

4. Orthogonal straight on the middle of the shell surface stays upright orthogonal on the 

middle surface Fig. 4.3,4.4 after deformation does not change its length [60],[70],[71]. 

There are many types of shells like Revolution (spherical-conical- ellipse- parabola - 

paraboloid…) Fig. 4.2. Cylindrical, Coned Translational, and Composite …. 

Axisymmetric Shells of Revolution (ASR) received widespread among these species 

because of architectural beauty and ease of design and then the complexities shape and that 



  

22 

led to widely apply. Rotational shells known as these shells generate central surface flat 

curve rotation result about axis located in plan curve.  

 
Fig. 4. 2 Different types of Axisymmetric Shells of Revolution ASR 

  

 

 

 
Fig. 4. 3 The middle surface of shell & thickness 

The middle surface is a surface that divides shell thickness into two equal parts 

 

 

4.4. Shells Theory Historical Development: 
shells theory developed from more than a century ago through the work of several 

scholars and first analytical method for the study of shells in the joint action of the two 

worlds G. Lame E. Clepeyron in 1828 where he was based their analysis on the tangent and 

normal stresses located in the middle surface of the shell [72].It developed a thin elastic 

shells  theory for the first time by H.Aron  in 1874 but were not completed and excluded 

the scientist A.Love 1884 a large part of their shortcomings [65].In his publication of 1934, 

Flugge was the first to present the theory of the cylindrical shell in rigorous and concise 

form. Donnell developed a theory that was more simplified than the theories of Flugge and 

Dischinger, but more general than those of Finsterwalder and Scharer[60], [73]. 
Following domes and barrels, the next thin shell form to engage the profession was the 

hyperbolic paraboloid that began with the recognition of those special geometric properties, 

which make the surface easy to analyses and aesthetically pleasing. Ferdinand Aimond gave 

the earliest presentation of this geometry for roof shells. But the major impetus to such 

design came from Felix Candela (1955), who mainly emphasized on the simplicity of 

calculation with a recognition of the unlimited potential for form. [60], Then completed a 

remarkable development in the floppy shells thin theory of evolution, in two-way: 

4.5. The Mathematical Theory for shells: 
The classical shell theory can be used to determine the stresses, strains and deformations 

in an idealised linear elastic shell. The theory is a thin shell theory, an extension of the 

Kirchhoffean plate theory. The assumption that the thickness of the shell is much smaller 

than the radius of curvature yields that the flexural rigidity is much smaller than the 

Fig. 4. 4 Geometrical shape of Axisymmetric Shells of Revolution ASR 
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extensional rigidity which is the reason that shells mainly carry their load by in-plane 

normal and shear stresses. As shells are essentially curved plates, the extensional and 

flexural problem are coupled, even for the linear case. The combined stretching and bending 

can be described by the membrane theory in combination with plate bending behaviour 

which can be calculated separately and superimposed.A.Golden Freezer, B.Y.Galerkin [74] 

4.5.1. The Applied Theory for shells:  

This trend adopted in the construction of the general theory  elastic thin shells on 

selected hypotheses and empirically verifiable, and this takes the general equations forms 

simpler and become resolved easier and this theory has developed in the works V.Z.Vlasov  

and his students  also E.R.Staermam C.A.Ambartsmain P.L.Pastarnak [65]. : 

1. Membrane Theory: This theory assumes that the stress case limited to the tangent 

and normal stresses applied in the middle surface and are neglecting moments and shear 

stresses compared with the stresses of tangent and normal and require special  loading 

conditions (not to apply concentrated loads and couples) and based on the special support  

edge does not cause moment or shear stress and  special geometrical form and the solution 

depends primarily on the element equilibrium equations taken [70].[59],[75], Figs. 4.5, 4.6 

2. Bending Theory: This theory intervenes the moments and shear stress effect in 

addition to other internal forces in their stress case. To obtain these forces is taken to 

equilibrium equations of shell element of the impact of the introduction of all the forces and 

effects  of deformations and  elasticity characters’ in these equations [70].  Fig. 4.7. 

    
Fig. 4.5 Forces on element      Fig. 4. 6 Bending moment and shear  

4.6. Structural analysis Methods of shells: 
And methods of analysis and structural design of the shells have evolved dramatically 

over the past four decades, particularly the formulation of general methods and the process 

takes into account the actual edge conditions supports and the form of geometric origin and 

evolution of modern computers to play a catalytic role in the formulation of such methods. 

[49], [50], [63].Current methods can have divided into two groups 

4.6.1. Analytical methods:  

 This method is converted the problem to equations and relationships mathematical and 

these relationships are solved by mathematical treatment of clearly .The main drawback of 

the analytical methods cannot provide general solutions.The analytical methods require 

special conditions in the geometry form of the shell and loads and boundary conditions the 

palaces lie in the fact cannot achieve the general case in the load and the geometry form 

and boundary conditions and other…[76]   

4.6.2. Numerical Methods: 

 This methods which resolve the problem is the mathematical treatment by numerical 

limits and of these methods (FEM and Finite differences method,) [76].These methods have 

seen significant development with the electronic computer technology the emergence in 

recent years and has allowed the retailer ongoing actual possibility systems to obtain 

approximate solutions to the various continuous systems problems. 

 



  

24 

Discretization methods are  many and variety, and the  most important use segmentation 

mathematical model of the model studied the FEM has been chosen as the way to solve the 

tasks of this dissertation is that the way they have developed and spread, quick, thanks to 

the comprehensiveness has allowed the same degree of ease to solve almost all the 

mechanical issues of shell thickness and using calculations homogeneous and minimal 

simplistic assumptions and independently of the complexity of the shape and hardness 

specifications and loads and peripheral conditions and characterized by this method is great 

potential to address public cases of the geometry of the shells and loads and conditions. 

Despite the development and refinement of shell theories over a long period of time, 

their solutions to practical shell structures remained approximate and complicated or 

impossible. This problem was overcome only with the advent of fast speed computers and 

numerical techniques such as the FEM which provided engineers with powerful tools to 

explore the response characteristics of shells under all possible loadings, study effects of 

shape and optimize designs.[77]. 

4.7. Finite Element Analysis in Shells: 
In this method all the complexities of the problems, like varying shape, boundary 

conditions and loads are maintained as they are, but the solutions obtained are approximate. 

Because of its diversity and flexibility as an analysis tool, it is receiving much attention in 

engineering. And it is a general numerical procedure can be used to treat any shell problem 

to any desired degree of accuracy. Basically, one needs to understand the response of the 

individual elements making up a structure (rather than the response of the whole structure). 

Then to assemble such elements by enforcing compatibility of displacements between 

elements at their common nodes, and equilibrium of forces and moments at all nodes, as 

well as constraint conditions at the boundary nodes of the structure.   

Infect the development of FEM coincided with major advances in digital computers and 

programming languages. By 1953 engineers had written stiffness equations in matrix 

format and solved the equations with digital computers. Most of this work took place in the 

aerospace industry [78]. This allowed applications in wide range of diverse areas from 

structural mechanics fields. Complex structures such as space frames, shells, bridges, ect. 

could be thoroughly analyzed long before the first prototype was built 

Chapelle and Bathe (1998) [79] have explained fundamental theoretical considerations 

in the structural analysis of shells for the development of improved general FEA 

procedures. According to their investigation the behavior of shell structure can be somewhat 

unpredictable in that apparently small changes of geometry or support conditions can result 

into a totally different response. Thus, a thorough understanding of the shell response and 

verification of the finite element model is essential. Novozhilov (1959), as discussed earlier, 

has shown that full base fixity is, theoretically, the only condition for the membrane stress 

to dominate [80]. [81]. 

• The displacement should be continuous through elements and across element boundaries,  

• The stresses approach a constant value, as the element size decreases.  

The fast improvements in computer hardware technology and slashing of volume or 

cost of computers have boosted this method, since the computer is the basic need for the 

application of this method. A number of popular brand of FEA packages are now available 

commercially. Some of the popular packages are SAP 2000, STAAD-PRO, GT-

STRUDEL, NASTRAN, NISA and ANSYS. Using these packages, one can analyses 

several complex structures. 
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Achieved in recent years, significant progress in the use of the FEM and devote the first 

work in this field to study the Shells of Revolution were used several types of forms of 

elements a triangular or quad plane. 

4.8. Optimization of Shell Structures  
Regardless of the approach, shell design, or any kinds of design, is a process of 

optimization. Every decision making begins with a creation and selection of some solutions 

that are picked and altered according to some set of objectives. In structural engineering it 

basically comes down to optical and statically conditions that, as it is already emphasized, 

should always be considered together. Optimization in structural engineering should always 

be multi-objective and restrained, and the challenge is to incorporate as many objectives as 

possible and examine the search space in as much detail as possible to find a set of 

acceptable solutions.,[82] . 

Axisymmetric Shell Structures :Imam (1998) has recently worked on shape 

optimization for the umbrella shaped axisymmetric shell of variable thickness (Vt) with the 

self-weight as the dominant load while considering the efficient structures required in 

deserts [83, 84],[85],[86]. The design criterion involved constraint limitation on the 

principal stresses at the critical points and evaluation of uniaxial compressive strength The 

investigations by Gould (1977) provide interesting results for shape optimization of 

axisymmetric shell structures under axisymmetric loading of self-weight [87]. 

All variables (Rise, thickness, and shape) defining the cross-section of the structure 

are considered. for leads to optimum structures in which the stress resultants and 

deflections in the members are considerably reduced. 

4.9. Computer Interaction: 
Nowadays, large general-purpose finite element computer programs have emerged.  

Each of these programs includes several kinds of elements and could perform static, 

dynamic and analysis of any type of complex problem. The choice of element type is 

important for simulating correct structural behavior. Rods and beams represent forces that 

act in a line, beams transmit bending moments and rods do not. Plate and shell elements 

represent forces that vary over a surface. Shell elements are curved plate elements which 

could include both bending and membrane effects and are suitable for the modeling of shell 

structures. When discretizing a problem into elements, it is possible to greatly reduce the 

amount of computation by taking account of any symmetries or repetitions that occur in the 

definition of the problem. These may include axial, planar or cyclic symmetries. Fig. 4.8. 

Shows a basic finite element type used in the axisymmetric analysis 

1. Shell Elements.The geometry of a shell is defined by its thickness and its middle 

surface, which may be a curved surface in space. (The shells are more often curved in space)  

Load is carried by a combination of membrane action and bending action. A thin shell can 

be very strong if membrane action dominates, in the same way that an arch can carry great 

load if compression is predominant in the arch. However, no shell is completely free of 

bending stresses. They appear at or near point loads, line loads, reinforcements, junctures, 

changes of curvature, and supports.  

The most direct way to obtain a shell element is to combine a membrane element and a 

bending element. Thus, a simple quadrilateral shell element can be obtained by combining 

the Q4 plane membrane element with the plate bending quadrilateral of Fig. 4.9.The 

resulting element is flat and has five DOF per node: three displacements and two rotations 

Fig. 4.8.(rotation around axis Z equal zero).[46], [45],[88].  
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Fig. 4. 7 Quadrilateral Shell Elements with 4 Nodes & 5 -DOF/ Node 

2. Finite Element Package: Some computer programs formulate the entire stiffness 

matrix and then solve it either directly or iteratively; others may use the waveform method 

which requires only part of the system matrix to be kept in memory at a time. 

 When the solution is calculated, it is required to be processed to extract the useful 

information such as displacements at a node. This is called post processing and usually 

employed through powerful graphical interface packages. 

 Two-dimensional isotropic shell elements supported by SAP2000 are used to model 

the shell. This element uses five degrees of freedom (three displacement components and 

two rotations one rotations around Z-axis egual zero ) per node and is suitable for analyzing 

the shell structures treated herein.  

SAP-2000, CAD and EXCEL are programs have been used as a graphical processor pre 

and post of the analysis, generally models (and results) could be rotated and viewed from 

any angle, possibly with perspective and light source shading, with the zoom-in and zoom-

out facility to examine particular details, hidden line plots are available, together with 

section plots that allow the performance of any part of the problem to be fully examined. 

4.10. Summary & Conclusion: 
This chapter begins with an introduction of the shells structures definition and 

characteristics.  Also, its describes the Static Analysis of Axisymmetric Shells 

This chapter also describes the concept and importance of shell structures and design 

parameters (thickness, radius and rise etc.) and the ratios between them. And the basic 

assumptions of Elastic thin shells theory. The shells theories and analysis methods of shell 

structures in the past and the present are briefly presented.  

Then has been talked about numerical methods for the analysis of shells, especially the 

method of finite elements and their evolution over the past decades, in addition to the 

contributions of scientists and researchers that development in addition to software 

programs developed by different companies for analysis and design. 

Finally, the importance of optimization techniques in the field of engineering is briefly 

discussed. This chapter also describes optimization of shell structures especially 

axisymmetric shell structures and Interaction of computer which included the shell 

elements, Finite Element Package and the used software programs.(SAP-2000,CAD and 

EXCEL) in this work. Though many axisymmetric shells theories had been proposed over 

the years, their application and solution to real world problems had been either approximate 

and very difficult or impossible. This problem has been overcome with the advent of FEM 

optimization techniques and powerful computers. Moreover, different shaped axisymmetric 

shells have been used for different applications, often with simplifications and 

approximations. Their performance characteristics.This thesis examines performance 

characteristics with regards to shape, thickness, and rise using powerful numerical 

techniques and identifies an optimum axisymmetric shape for multi-use. 

The optimum   shapes   of   structures   are   obtained   by   studied the design variables 

on the four types of   axisymmetric shells of revolution structures. A thorough investigation 

has been made in this research work to arrive at the better optimum shapes of axisymmetric 

shells of revolution structures as detailed in chapter 6. 
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CHAPTER 5   

STATIC ANALYSIS OF AXISYMMETRIC SHELLS OF REVOLUTION  

5.1. Introduction:  

The static behavior of shell structures is governed by complex differential equations 

with shell theories being developed over the years. Application and solution to treat real 

world problems, however, had been either approximate and very difficult or impossible. 

Moreover, different shaped shells have been used for different applications often without 

linking performance with shape. Naturally, the shells are highly indeterminate structures 

[7]. With the advent of the FEM, optimization techniques and powerful computers, it has 

now become possible to create and vary shapes of shells, evaluate and compare 

performance and identify optimum designs.  

Shell structures are today solved by finite element computer aided packages. In 

conjunction with the FEM, numerical optimization methods represent a versatile tool for 

structural design by searching for the best solution in much the same way that designs 

evolve in usual engineering practice.  

5.2. Static Analysis and Optimization 

As mentioned above the optimization process requires the objective to be defined with 

respect to the quantity to be optimized and in terms of variables in the problem. The values 

of the variables in this objective function are limited by values defined as constraints. 

Optimization involves an iterative procedure, taking a value for the parameter being 

optimized, evaluating the system for that parameter, and then adjusting the selected value 

based on the results of evaluation. Numerical optimization techniques offer a logical 

approach to design automation, and many algorithms have been proposed in recent years.  

Most optimization algorithms require that an initial set of design variables be specified. 

From this starting point, the design is updated iteratively till the objective is achieved within 

constraint limitations, if feasible. The starting point is based on the thorough understanding 

of the problem to be optimized. Limitations are defined as either implicit or explicit 

constraints. Constraints on an individual variable or group of variables are termed explicit 

constraints because a direct relationship can be defined. Constraints on quantities that have 

a dependence on the design variables that cannot be directly stated are termed implicit 

constraints.  Constraints introduce limitations on the optimum value to lie within what is 

termed a feasible region [89]. 

A finite element based shape optimization program is developed for three  

dimensional  shell  structures  by  Habib  Uysal etc.[90]. The shape optimization program 

is implemented by a job control language and a reliable finite element-based program 

SAP2000. The objective is to minimize the weight of the shell structure under the 

constraint that the maximum von Mises stress in each element should not exceed a certain 

limit. The search for the final optimum shape of the structure is performed using linear 

programming technique.  

The algorithm uses numerical optimization techniques and linear FEA to find a 

minimum weight structure subjected to equilibrium conditions, stability constraints and 

displacement constraints [59]. 

What is Von Mises Stress? If we want to design a structure that can resist all the external 

and internal forces in the best possible way, we have to reduce stress in the structure, which 

leads to the effective and economical use of material. 
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   A shell can resist forces that act axially upon it with much less material than forces 

that cause bending. Because of their curvature this simple fact leads to the conclusion 

that an arrangement of structural elements should be made in such a way that it minimizes 

the bending moment, and that is a form of geometrical optimization. If the position of a 

member can affect the stress induced, first we have to see how to calculate that stress and 

then how to find the best position. 

 However, in the optimization techniques, the stress that combines all stresses into a 

single value is used to simplify things. That value is called Von Mises stress and it defines 

the critical value of the material before it starts to yield.  It is therefore also known as the 

Von Mises yield criterion and it states that although none of the individual stresses are 

large enough to cause yielding, their combination can.  Yielding therefore  occurs when 

the elastic limit is reached, i.e., it is the lowest stress at which permanent (plastic) 

deformation  can be measured [24]. 

For shells structures with symmetrical cross-sections, some simplifications are 

possible when we want to rationalize the approach. Namely, the Von Mises stress depends 

on the axial forces, bending moments, shear forces and the torsional moment. The shear 

stresses can be combined through thickness shear stresses    and the axial forces and 

bending moments are combined to form xx  and   [24], [20].Von Mises stress is a value 

used to determine if a given material will yield or fracture. It is mostly used for ductile 

materials, such as metals or concrete. The von Mises yield criterion states that if the von 

Mises stress of a material under load is equal or greater than the yield limit of the same 

material under simple tension which is easy to determine experimentally, then the 

material will yield.[91].  

Von Mises yield criterion :In this case, a material is said to start yielding when its 

von Mises stress reaches a critical value known as the yield strength
vm y = , The von 

Mises stress is used to predict yielding of materials under any loading condition from 

results of simple uniaxial tensile tests  

In materials science and engineering the von Mises yield criterion can be also 

formulated in terms of the von Mises stress or equivalent tensile stress, 
vm y  .[92].  

According to Von Mises, the failure occurs when the yield point in the tensile test. [93].   

Von Mises stress vm , also known as Huber stress, is a measure that accounts for all 

six stress components of a general 3-D state of stresses.  Equ. 5.1 

      ( ) ( ) ( )  .
2 2 2 2 2 2

vm x y y z z x xy yz zx0 5 3          = − + − + − + + +
 

     (5.1) 

Von Mises stress vm , can also expressed their principal stresses as Fig. 5.1: 

( ) ( ) ( ).
2 22

vm 1 2 2 3 3 10 5       = − + − + −
  

                                    (5.2) 

 

 

 

 
Fig. 5. 1 Von Mises stress , six stress components and their principal 
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Optimization and Von Mises yield criterion: The objective, minimum weight or 

volume, is reached through an automated optimization process where the parameters of 

the cross-sectional design are adjusted. The necessity to have an almost constant pressure 

distribution over the cross-sectional area of the shells is considered another objective. 

 The other constraint follows from demanding that the maximum Von Mises stress 

anywhere in the shell domain not exceeding an allowable value. The objective and 

constraining function formulations are closely connected with the chosen design 

variables so that the design model is presented here [40]. in the optimization techniques, 

the stress that combines all stresses into a single value is used to simplify things. That 

value is called Von Mises stress and it defines the critical value of the material before it 

starts to yield. It is therefore also known as the Von Mises yield criterion and it states that 

although none of the individual stresses are large enough to cause yielding, their 

combination can. Yielding therefore occurs when the elastic limit is reached, i.e., it is the 

lowest stress at which permanent (plastic) deformation can be measured.  

The Von Mises yield criterion is used to define the admissible state of stress The Von 

Mises equivalent stress is used as a stress measure of this three-dimensional load case 

and an upper limit is defined as constraint. The goal is to full this stress limit at minimal 

weight or volume [94]. 

What is calculated in FEA? Structural analysis calculates the displacement, strains 

and stresses if solid elements are used then three displacement components (three 

translations) per node must be calculated. With shell elements, six displacements 

components (three translations and three rotations) must be calculated. Strains and 

stresses are calculated based on the nodal displacement results. 

 Here two commonly used failure criteria: Von Mises Stress failure Criterion and 

Maximum Normal stress Criterion are given. 

 5.3. Computers Finite Element Method  

There are several programs available to the practicing engineer, but the general 

approach is roughly the same: 

• Selection of a mathematical model that accurately represents the physical 

characteristics of the structure and the applied loading. 

• Solution of the model by the finite element program. 

• The interpretation of the results. 

The engineer models a physical structure as an assemblage of elements with certain 

properties. Assumptions   are made that simplify the mathematical model to a point where 

it can be solved. The same procedure must also be followed before a complex structure 

may be analyzed using a finite element program.  The accuracy of the solution is limited 

by the selection of the model .The creation of the model in the program generally begins 

with the definition   of the geometry. Either a two- or three-dimensional coordinate 

system may be used, depending upon the conceptualization of the model. 

For complex structures, however, the geometry is often imported from a CAD system. 

Once the geometry of the model has been defined, it must be "meshed"   with elements. 

With the great technological development of programs for engineering drawing and 

design (Software) now become possible to draw any geometric shape similar a physical 

origin structures (CAD 2D,3D- REVIT) and then save them from the suffix .dxf, and 

then imported into the structural design programs (SAP-2000). 
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In this research, addition to the available models for shells in the original program 

SAP2000 (spherical-parabolic) we can draw the rest of the studied models (ellipse -

conical) by drawing program (CAD) then divided into elements and imported to SAP 

then structural analysis. The loading and boundary conditions must also be applied to the 

model. Loading is normally specified as distributed loads. The boundary conditions   are 

modeled by restricting   the appropriate   degrees of freedom at certain nodal points  

Once the model generation is complete, it can be solved. The computer programs 

employ a numerical   procedure to arrive at a solution and an output file is generated. 

The numerical   procedure  is commonly  known  as the FEM The details  of the numerical   

procedure   have been presented [44, 50]. The solution output must then be interpreted. 

Most finite element programs   display the results in some graphical form.  If the solution 

does not make physical sense, it is then necessary to refine the model. Once an acceptable 

output has been obtained, the analysis is complete. 

5.4. Numerical Optimization - Automization:  
Referring to Chapter 2, Paragraph 2.8.1 and to Equations 2.1,2.2,2.3, The most common 

constraints are the limits imposed on stresses and deformations at various points within the 

structure. Considering 
all Max , all Maxd as the maximum bound allowed on stress, 

deflection respectively  the constraint function would be written, in normalized form as:                                  

         

          

                                                   (5.3).                       ijk all Maxd d              (5.4)

 Where:  i = element   , j = stress/deflection  component,  k= load condition 

  With the advancement in computation technology, a series of loops in the computer code 

Cycle through many combinations of design variables to find an optimum solution.  This 

approach has been used with some success and may be quite adequate if the analysis 

program uses a small amount of computer time. Thus, optimization is not simply the 

coupling of finite element analysis, sensitivity analysis and optimization by iterations.  

5.5. Approach of Optimization to the shells: 
In the present work, the volume optimization of ASR have been achieved by 'variable 

technique' by using FEM and SAP 2000 a commercially available computer package.   

The variable linking technique is a design tool to create the approximate model that 

incorporates the effects of the reduced set of design variables, the screened set of 

constraints, and the approximated set of structural responses. The essential features of the 

design model are to: 

1) Define the initial shape (spherical, conical, ellipse or parabolic). 

2) Define the design variables i.e. the shell rise or thickness or shape and its minimum 

acceptable (positive) value. 

3) Describe the relationship between the design variables and the properties of the 

analysis model. 

4) Describe the objective function, for example, to obtain the minimum volume of material 

or minimum internal forces and more stability.  

5) Define bounds (constraints) limiting the design response to an acceptable range.  

A first step must be to narrow the design task to that of determining the best combination 

of just a few design variables... 

5.6. Optimum Design of Shell Structures:  
The structural shape, rise, and thickness optimization of axisymmetric shells of 

revolution structures is presented through numerical examples. These shells appear in many 

ijk all Max 
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practical forms, as mention before. The mathematical statement of an optimization has been 

defined earlier in Chapter 2. Before any optimization process can be started, the objective 

function, the constraint functions and bounds on the design variables have to be specified.  

5.6.1 Selection of objective function: 

 The objective function ( )f X to be minimized is the internal forces, deflection and 

volume (It can be show that minimizing the displacements strains of a structure is 

equivalent to increasing the rigidity of the structure). 

 Such rigid structures have higher resistance against deformations and therefore be 

considered structurally more efficient  [95],[96],[97, 98]. 

In this research work internal forces, deflection and volume minimization of a structure 

has been considered in which volume or weight minimization is considered more important 

in the industry of construction.  

5.6.2. Selection of Constraints: 

 In order to complete the formulation of the problem, some restrictions must be imposed 

on the values of the design variables for the mathematical model to be meaningful. Such 

restrictions are termed the constraints of the problem. In the optimization problem the 

constraints are classified as inequality, equality and side constraints.  Inequality constraints 

are of the type ( )jg X 0  . This type of constraint van be imposed by putting a limitation 

on the stresses (stress constrained) or displacements (displacement constrained) at some 

specified points.  

Stress constrained:    all       Displacement constrained:         alld d      

Where    and d  are the stress and displacement values at a point and  all   and alld  

are the allowable stress and displacement values is prescribed for the whole structure.  

Another class of constraints is the equality constraints. These constraints are also known 

as linear or geometric constraints.               

The other important constraint is the side constraint of the type l u
i i iX X X   like 

rise 0 < F < L/2 or thickness / / /1 20 t R 1 1000    these constraints are introduced to 

allow for technological limitations on the design variables and to deal with various 

geometrical requirements. They impose precise conditions to the optimization problem that 

must be satisfied for the design to be considered feasible. They are usually bounded from 

below and above. These bounds can usually be based on construction and analysis 

considerations. The bounds on the design variable can be imposed on the shell problems as  

ia X b    where a, b is the given dimensions. e.g. 50 mm < t (thickness) < 400 mm   these 

types of constraints limit the region of search for the optimum solution 

5.6.3. Problem definition: Problem statement: 

Our objectives are to minimize the volume (or weight), internal forces and more rigidity 

and stability (min. deflection) of the structure, in other words, to obtain a configuration 

(shape) with the most efficient use of material without violating the behavioral and 

geometric constraints.We will use Gradient Optimization illustrate in Fig. 5.3 and: 

1. Start from an initial value 0X = (F = L/2) point. e.g.(F is rise, L is the span of shell). 

2. Evaluate the function F (Xi) and the gradient of the function  ∆ F (Xi) at the Xi. 

3. Determine the next point using the negative gradient direction: Xi - ∆X 

Repeat the step 2 to 3 until the function converged to the minimum [99]. 
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The shape optimization problem for minimum the volume, internal forces and 

deflection can be formulated briefly as: 

Given:initial positions of key points, boundary conditions    

                 (applied forces and restraints), material properties.                                                       

Find   : the optimum shape of the structure. 

Minimize: volume of the structure, internal forces  

                          and deflection 

Subject to  :                                              

➢ The stress constraint                                     Fig. 5. 2 Gradient-Based Optimization 

➢ The deflection constraint  

➢ The geometric constraint (model connectivity). 

Design Variables: The positions of the key points allow (Rise, Thickness and Shape) 

An axisymmetric loading of self-weight are applied (For the justifications mentioned 

above).The limits appropriate to have constraints on both the tensile and compressive 

stresses in the minimization problem. The ACI Standard on concrete structures define the 

allowable concrete stresses where gives ( .0 7 fc ) in (MPa) as the maximum tensile stress 

( tf ) for practical purposes, where ( fc ) is the concrete crushing (compressive) strength 

Similarly the maximum compressive stress is also related to ( fc ). It is hence evident that 

constraints on both the tensile and compressive stresses will be related, and it is justified in 

considering a constraint on only the tensile stress, while keeping a check on the maximum 

values of the compressive stresses 

This means that the maximum equivalent (Von Mises) stress of the structure, vm   , 

should be less than or equal to the maximum allowable stress, 
all Max  , and the key 

points which are used to define the boundaries of the structure should move without any 

loss in model connectivity The deflections of the shell reflect stiffness and safety. Heinz 

Isler, respected designer of thin shell concrete structures, set a maximum accepted 

deflection to span ratio ( /d L ) equal to 1/300 for his shells [100].[101], [102], 
 We can use this value as a reference for examining the maximum downward deflection 

in this shell, where displacements are below 10% of the shell thickness [6], [36]. 
Objective                         : min. of (Internal Forces, Strain (deflections) and Volume)   

Design Variables (DV)  :  Rise = F              0 <F ≤ L/2  

                                       :Thickness= t  / / /1 20 t R 1 1000   and  50 mm < t < 400 mm    

                                        : Shape (Spherical, Parabolic, Ellipse and Conical) 

Design Space (S)            : ASR Structures. 

Design Constraint         :  The maximum stresses were restricted depending on the design  

                                       strength of the material of the shell: 

Maximum allowable tensile stress       ( , )t t Maxf t     with   ,t Max ct df    

Maximum allowable compressive stress ( , )c c Maxf t   with    ,c Max c df   [103]. 

Maximum equivalent Von Mises stress of the structure, vm  should be less than or  

equal to   the maximum allowable stress,      
all Max      

vm Max y     ,      max all   

Maximum allowable displacement              alld d          /d L 300              [103]. 

Where:( ,ct df ) is the design tensile strength, ( ,c df  ) is the design compressive strength  
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5.7. Summary:  
This chapter began with an introduction to the development of static analysis of shells 

and the difficulty of analysis in the old traditional methods and then the rapid and great 

development at the technology, and with the emergence of the method of analysis with 

finite elements and the emergence of computers with great capacity and rapid speed in 

solving all forms of shells in various variables in a little time in conjunction with the 

development of optimization techniques 

This chapter also includes the relationship of static analysis with optimization and 

determining the desired goal in the optimization by selecting the set of variables to be 

studied. Optimizations are an iterative process until reaching the goal.The optimization also 

has explicit constraint and implicit limitations that are equal or unequal If we want to design 

the origin can resist all external and internal forces in the best possible way, we have to 

reduce stress in the origin, leading to effective and economical use of materials. 

 The shell resistance can act as a force that acts sequentially with materials far less than 

the forces that cause the bending moment. Because of their curvature this simple fact leads 

to the conclusion that the arrangement of structural elements should be in such a way that 

it reduces the bending moment. , and this is a form of geometric optimization. If the position 

of a member can affect the stress caused, first we have to figure out how to calculate this 

stress and then how to determine the best position. 

 However, in optimization techniques, stress combines all the stresses in one value used 

to simplify things. This value is called von Mises stress, it determines the critical value of 

the material before it begins to yield. Therefore it is also known as the criterion of 

subjugation of von Mines. It is noted that although none of the individual stresses are large 

enough to cause submission, Therefore, bending occurs when the elastic limit is reached, ie 

it is the lowest stress that can measure permanent deformation 

 In order to complete the formulation of the problem, some restrictions must be imposed 

on the values of the design variables for the mathematical model to be meaningful. Such 

restrictions are termed the constraints of the problem. In the optimization problem the 

constraints are classified as inequality, equality and side constraints.  Inequality constraints 

are of the type. This type of constraint van be imposed by putting a limitation on the stresses 

(stress constrained) or displacements (displacement constrained) at some specified points. 

Our objectives are to minimize the volume (or weight), internal forces and more rigidity 

and stability (min. deflection) of the structure, in other words, to obtain a configuration 

(shape) with the most efficient use of material without violating the behavioral and 

geometric constraints. 

The objective of this chapter is to illustrate use of the finite element program SAP2000   

for the analysis of shell structures. Analysis typically begins with the definition of the actual 

problem to be solved. A model must be created that accurately represents the problem. 

Next, the model must be solved.  

Finally, the solution to the model must be interpreted. If the results are not satisfactory, 

the model must be refined. In SAP2000, the convergence   of the solution generally depends 

upon the type of elements used, the mesh density, and the number of nodes per element. 
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CHAPTER 6   

ANALYSIS, INTERPRETATION AND DISCUSSION THE RESULTS OF 

AXISYMMETRIC SHELLS OF REVOLUTION 

6.1.Basic Considerations  
In this chapter focuses on the actual research work that has been done independently: 

1.The studied cases are static and linear analysis 

2.The problems to be analyzed are a concrete shells. 

3.The applicable loads are self-weight loads, it is the dominant load in shells. 

4.The boundary conditions with is a hinge support, it is more widely used. 

5. The FEM with SAP 2000 program is used. 

6. Over 150 case studies  were analyzed to obtain as much as possible the optimal case. 

7. The response of optimization objectives is studied by giving gradually values for each 

type of variables. 

8. Optimization processes were executed with the purpose of improving the structural 

behavior & min.volume of material. 

9.The outputs analysis of the model allowed to obtain outstanding  information (stresses, 

displacements and volume of material) 

10.The different optimization processes of the initial model were classified into two 

groups: 

• Depending on the objective function (stresses, deflections Volume). 

• Depending on the Design variable (thickness Rise and shape). 

11.A study of the structure was carried out for the initial model with 3-different 

thickness values and 1-vibrational thickness, 9-different rise values, and 4-shapes of the 

ASR (spherical, parabolic, ellipse, and conical). 

12.Moreover, it was considered of interest to calculate the final values of three 

geometric parameters: (i) rise, (ii) thickness and (iii) shapes.  
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6.1.1. Flow Chart of the Work:              

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

Final (Optimum Case) 

 

Initial case of the Axisymmetric Shells of Revolution  

 

Results obtained 

6. Deflection (D) 

1. Parallel Forces 
(F11) 

2. Meridian Forces 

3. Parallel Moments 

7. Volume (V) 

4. Meridian Moments 

5. Von Mises Stress 

Effect of Thickness  

(Constant and 

T=80 mm 

T=120 mm 

T=60        120 mm 

Effect of the shape type 

Effect of the Span (Spherical 
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1- Spherical 

 2- Parabolic 

3- Ellipse 

4- Conical 
Results obtained 

Effect of Rise/Span ratio 
F/L=1/2-1/20 four types 
of ASR 

Results obtained 

Fig. 6. 1 Flow Chart of the Work 
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6.2. Finite Element Model: 
In the present study, the finite element codes (SAP 2000 Ver. 16 & 18) have been used, 

Where it has been verified of numerical model as an essential step, for the shells of 

revolution this some of the modules is ready existing in the SAP2000 program like spherical 

and parabolic but another modules like ellipse and conical is drawing by AutoCAD and 

saved by Suffix (*.dxf) then imported to the SAP 2000. The properties of engineering 

materials and boundary conditions etc. are used as follows. Fig. 6.2           

Fig. 6.  2 Considered model   distribution of elements     Fig. 6.  3 Geometry module of Shell 

 Spherical shape                          Ellipse shape 

 Parallel direction =    12 divisions        Total number of elements ne =288 elements   

 Meridian direction =  24 divisions        Total number of Node       n =       289 Node    

This shell span is L= 20 m the rise (F) is  variable and the  thickness (t) is variable. The 

problems to be analyzed is a concrete shells The applicable loads are self-weight loads that 

are uniform shell load distributed on the shell surface as the self -weight is the dominant 

load for shells, [83, 84],[85],[86]. Fig. 6.4. with a hinge support  for the boundary 

conditions, it is more widely used in practical applications and is easier to implement  also 

provides good resistance to reactions resulting from applied loads, also produced minimum 

internal forces compared to other types of boundary conditions, this is what we see in many 

shells structures [4].[54]  

In this analysis of the outputs of the model proposed  allowed  to  obtain  outstanding  

information,  such  as  the  value  of stresses and displacements at the points of the structure,  

Several optimization processes were executed with the purpose of improving the structural   

behavior and minimum volume of material. 

 The different optimization processes of the initial model were classified into two 

groups, using the following criteria: 

•   Depending on the objective function used (stresses, deflections and Volume). 

•  depending on the minimum thickness (80 mm). And max. Rise F=L/2 and shape. 

A study of the structure was carried out for the initial model with three different 

thickness values and one with vibrational thickness, nine different rise values, and four 

shapes of the ASR (spherical, conical, ellipse or parabolic) for the optimum designs, using 

linear analysis  

Moreover, it was considered of interest to calculate the final values of three geometric 

parameters: (i) the rise, (ii) thickness and (iii) shapes 

The comparison of these parameters in the different processes could help in visualizing 

and showing the changes that have taken place in the geometry of the initial model. The 

final values of the geometry variables in the different optimization processes are shown in 

Tables below.From these results, it could be highlighted that in all the optimization 

processes, the maximum compressive stresses were below 5 MPa and the maximum tensile 

stresses were lower than the design tensile strength of the concrete. In addition, the 

maximum vertical displacement of the structure was lower than 8 mm, which is in 
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agreement with the results obtained by [6],[36] for this type of structures, where 

displacements are below 10% of the shell thickness. And below L/300 of the span of shell. 

It will study and analyze the impact of changing the rise of the four types of shells on 

the internal forces so as to get the minimum stresses or internal forces in the shell.Thereby 

determining the minimum volume and cost at materials shell taking into account the 

constraint and limitations mentioned above for optimum design. Excel program will use the 

as to draw graphs and charts that reflect the resulting from the change of the rise of these 

graphs will appear optimum case and therefore optimum design By using geometry material 

properties &design variables below have been considered table 6.1 

Table 6. 1 Shells Data 

Number of Node(n)  289 Young’s Modulus(E) 2.1 *107 KN/ m2 

Number of Element(ne)  288 Poisson's ratio ( ) of concrete 0.2 

Span (L)  20    m Specific weight of concrete (
c ) 24 KN/ m3 

Thickness /Radius (t /R) 1/650 -  1/85 Shell Thickness (t) 0.08,0.10,0.12 m 

Rise /Span (F/L)       1 /2,1/3, 1/4, 1/5,1/6,1/7,1/10,1/15,1/20 

Three different thickness (t=0.08, 0.10 & 0.12m) of the four shell shapes (spherical, 

parabolic, ellipse and conical) with a base span of (L=10, 20& 40m) are investigated to 

observe the optimum design of shell. The main variable design is rise or (Rise/Span F/L) 

These change (F/L=1 /2, 1/3, 1/4, 1/5, 1/6, 1/7, 1/10, 1/15, 1/20). Fig. 6.5. 

 
     

 

I- Spherical shell        II-Parabolic shell           III-Ellipse shell          IV-Conical shell 

 

6.3. Variation of the rise of shell (Rise/Span Ratio F/L): 
6.3.1 Analysis  Results & Discussion: 

The internal forces are studied instead of the internal stresses of the difference in the value 

of the stresses between the two sides of the cross section of the surface (top And Bottom) 

and the forces express better and closer to reality and then the stresses in this case 

 

 

 

 

 

 

 

 

 

After the solution of the four model’s shells (spherical, parabolic, ellipse and conical) by 

change the rise to get the internal forces,(stresses), deflection and Volume the values and 

then draw charts that represent the analysis and discussion of these charts to get the results 

and recommendations from each model. 

Fig. 6.  4 Four types of Shells of 

Fig. 6.5,6 Shell modules and Rise variation of shell 

 

Parallel 

Meridian 

Fig. 6. 7  Parallel and meridian 

 

 

Fig. 6.  10 Shell modules and 

Rise variation of shellFig. 6. 8 
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6.3.1.1.First Type: Spherical shells: 

1. Parallel Forces (F11):          Fig. 6.9. a  Parallel forces 

  
2. Meridian Forces (F22):     Fig. 6.9. b Meridian forces 

  
 3. Parallel Moments (M11):          Fig. 6.9. c Parallel moments 

  
4. Meridian Moments (M22):        Fig. 6.9. d Meridian moments 
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5. Von Mises Stress (σvm):      Fig. 6.9. e Von Mises stress     

      
6. Deflection (D):              Fig. 6.9. f Deflection 

   
Fig. 6.9. g Von Mises stress contour      Fig. 6.9. h Deflection contour 

   
7. Volume (V):  Fig. 6.9. i Volume                Fig. 6.9. j Von Mises stress, Deflection and Volume 

8.  Interpretation of Results and Discussion: 

By studying the results and charts for the spherical shape of variable rise (F) (nine 

models). and discussing of the results  of the internal forces, bending moment, Von Mises 

stress, deflection and volume those can be divided into three ranges : 
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Fig. 6.9. k Optimal, Von Mises Stress, Deflection, and Volume 

I: F/L= 1/2-1/4: The parallel forces reduced by average ratio 13.60%. The meridian 

forces reduced by average ratio 3.34% .The parallel moments reduced by 3.92%. The 

meridian moments reduced by17.6%. The Von Mises Stress reduced by 10.72%. The 

deflection reduced by 4.6%. The volume reduced by 37.6%. 

II: F/L= 1/4-1/7: The parallel forces increased by average ratio 17.00%. The meridian 

forces increased by average ratio 11.40%. The parallel moments reduced by 6.42%. The 

meridian moments are reduced by 4.84%. The Von Mises Stress increased by 11.36%. The 

deflection increased by 6.36%. The volume reduced by 8.47%. 

III: F/L=1/7-1/20: The parallel forces increased by average ratio 64.00%. The meridian 

forces increased by average ratio 61.36%. The parallel moments increased by 75.00%. The 

meridian moments increased by 77.40%. The Von Mises Stress increased by 62.50%. The 

deflection increased by 82.13%. The volume reduced by 3.63%. As shown in the Fig. 6.9 

(a,b,c,d,e,f,g,h,i,j). 

Table 6. 2 Comparison F/L ratio 

  Von Mises Stress(N/mm2) Deflection (mm) Volume(m3) 
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1/4 0.61 0.17 0.33 0.17 49.2 72.4 1.10 0.13 0.18 0.13 28.6 88.5 73.6 37.0 73.6 45.9 37.6 37.6 

1/5 0.61 0.17 0.33 0.18 46.9 71.1 1.10 0.13 0.18 0.14 20.2 87.1 73.6 37.0 73.6 42.6 42.1 42.1 

1/6 0.61 0.17 0.33 0.20 39.3 67.0 1.10 0.13 0.18 0.17 6.6 85.0 73.6 37.0 73.6 40.8 44.6 44.6 

1/7 0.61 0.17 0.33 0.23 31.4 62.7 1.10 0.13 0.18 0.20 10.9 82.1 73.6 37.0 73.6 39.7 46.1 46.1 

 Optimization (σvm) 49.2 72.4 Optimization (Def.) 28.6 88.5 Optimization (Vol.) 46.1 46.1 

9. Conclusion: The Conclusion that can be obtained by SO of spherical shells by 

taking into account the values of internal forces, deflection and volume together is the ratio 

F/L=1/3.5-1/5. The table 6.2, fig. 6.9.k show the optimal cases for each type of change: 

The ratio F/L= 1/4 is the optimal case for internal forces and Von Mises stress as well 

as deflection. And the F/L= 1/7 ratio is optimal for volume.x 
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6.3.1.2: Parabolic shell: 

  
1.Parallel  Forces (F11):       Fig.6.11. b Parallel forces 

   
  2. Meridian Forces (F22):    Fig.6.11. c Meridian forces 

   
3. Parallel Moments (M11):      Fig.6.11. d Parallel moments 

   
 4. Meridian Moments (M22):       Fig.6.11. e Meridian moments 

 

 

 

 

 

 

 

 

Fig. 6.11. a Deflection 

contour F/L=1/5          

F/L=1/2 
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5. Von Mises Stress (σvm):      Fig.6.11. f Von Mises stress 

  
Fig.6.11. g Von Mises stress contour F/L=1/2    Fig.6.11. h Deflection contour F/L=1/5   

 

        
6. Deflection (D):  Fig.6.11. i Deflection                 Fig.6.11. j Volume 

   7. Volume (V): Fig.6.11. k Volume              Fig.6.11. l Von Mises Stress, Deflection and Volume 

8. Interpretation of Results and Discussion: 
By studying the results and charts for the parabolic shape of variable rise (F) and 

discussing of the results  of the internal forces, bending moment, Von Mises stress 

deflection and  volume those can be divided into three ranges 
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Fig.6.11. m Von Mises Stress, Deflection, Volume and Optimal 

I: F/L= 1/2-1/4: The parallel forces increased by average ratio 9.97%. The meridian 

forces increased by average ratio 4.62% .The parallel moments increased by 18.58%. The 

meridian moments are increased by10.33%. The Von Mises Stress increased by 15%.The 

deflection increased by 0.58%. The volume reduced by 28.32%. 

II: F/L = 1/4-1/7: The parallel forces increased by average ratio 12.45%. The meridian 

forces increased by average ratio 11.40% .The parallel moments increased by 15.31%. The 

meridian moments are increased by 15.11%. The Von Mises Stress increased by 14%.The 

deflection increased by 7.43%. The volume reduced by 36.71%. 

III: F/L=1/7-1/20: The parallel forces increased by average ratio 62.17%. The meridian 

forces increased by average ratio 61.36% .The parallel moments increased by 67.91%. The 

meridian moments increased by 74.97%. The Von Mises Stress increased by 65.60%.The 

deflection increased by 84.45%. The volume reduced by 40.73%. As shown in the Fig. 6.11 

(a,b,c,d,e,f,g,h,i,j). 

9. Conclusion: 
The Conclusion that can be obtained by SO of parabolic shells by taking into account 

the values of internal forces, deflection  and volume together is the ratio F/L=1/3-1/5 The 

following table 6.3 fig. 6.11.l show the optimal cases for each type of change: 

The ratio F/L= 1/3-1/6 is the optimal case for internal forces and Von Mises stress as 

well as deflection. And the F/L≤ 1/5 ratio is optimal for volume. 

Table 6. 3 Comparison F/L ratio 

   Von Mises Stress(N/mm2) Deflection (mm) Volume(m3) 
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1/4 0.61 0.17 0.19 0.17 7.7 71.4 1.07 0.07 0.08 0.08 7.7 91.9 62.5 37.0 62.5 44.7 28.3 28.3 

1/5 0.61 0.17 0.19 0.18 0.9 69.3 1.07 0.07 0.08 0.10 32.7 90.0 62.5 37.0 62.5 42.0 32.6 32.6 

1/6 0.61 0.17 0.19 0.20 10.4 5.8 1.07 0.07 0.08 0.13 65.8 87.5 62.5 37.0 62.5 40.5 35.1 35.1 

1/7 0.61 0.17 0.19 0.23 22.8 2.0 1.07 0.07 0.08 0.16 16.2 84.4 62.5 37.0 62.5 39.5 36.7 36.7 

 Optimization (σvm) 7.7 71.4 Optimization (Def.)  91.9 Optimization (Vol.) 36.7 36.7 

6.3.1.3. Third Type: Ellipse shell: 
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1. Parallel Forces (F11):       Fig.6.13. a Parallel forces 

     
2. Meridian Forces (F22):           Fig.6.13. b Meridian forces 

    
3. Parallel Moments (M11): Fig.6.13. c Parallel moments 

     
4. Meridian Moments (M22):  Fig.6.13. d Meridian moments 
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5. Von Mises Stress (σvm):     Fig.6.13. e Von Mises stress 

 
Fig.6.13. f Von Mises stress contour F/L=1/2         Fig.6.13. g Deflection contour 

     
6. Deflection (D):  Fig.6.13. h Deflection               7. Volume (V):  Fig.6.13. i Volume           

 
Fig.6.13. j Volume                                 Fig.6.13. k Von Mises Stress, Deflection and Volume 

8. Interpretation of Results and Discussion: 
By studying the results and charts for the Ellipse shape of variable rise (F) and 

discussing of the results  of the internal forces, bending moment, Von Mises stress, 

deflection and and volume those can be divided into three ranges: 

I: F/L= 1/2-1/4: The parallel forces increased by average ratio 15.64%. The meridian 

forces increased by average ratio 8.15% .The parallel moments increased by 4.84%. The 

meridian moments are increased by 3.61%. The Von Mises Stress increased by 9.8%.The 

deflection increased by 3.02%. The volume reduced by 61.22%. 
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Fig.6.13. l Von Mises Stress, Deflection, Volume and Optimal 

II: F/L = 1/4-1/7: The parallel forces increased by average ratio 21.55%. The meridian 

forces increased by average ratio 12.08% .The parallel moments increased by 11.73%. The 

meridian moments are increased by 11.92%. The Von Mises Stress increased by 

16.63%.The deflection increased by 9.24%. The volume reduced by 21.63%. 

III: F/L=1/7-1/20: The parallel forces increased by average ratio 55.12%. The meridian 

forces increased by average ratio 62.69% .The parallel moments increased by 81.28%. The 

meridian moments increased by 82.95%. The Von Mises Stress increased by 65.16%.The 

deflection increased by 85%. The volume reduced by 13.30%. As shown in the Fig. 6.13 

(a,b,c,d,e,f,g,h,I,j). 

Table 6. 4 Comparison F/L ratio 

   Von Mises Stress(N/mm2) Deflection (mm) Volume(m3) 
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1/4 1.19 0.33 0.33 0.44 34.3 62.9 8.12 0.16 0.16 0.40 150. 95.0 73.5 37.5 73.5 50.6 31.2 31.2 

1/5 1.19 0.33 0.33 0.53 61.1 55.5 8.12 0.16 0.16 0.62 282. 92.3 73.5 37.5 73.5 46.6 36.6 36.6 

1/6 1.19 0.33 0.33 0.60 82.1 49.7 8.12 0.16 0.16 0.85 424. 89.4 73.5 37.5 73.5 44.1 40.0 40.0 

1/7 1.19 0.33 0.33 0.66 102. 44.3 8.12 0.16 0.16 1.16 608. 85.7 73.5 37.5 73.5 42.5 42.2 42.2 

 Optimization (σvm) 34.3 62.9 Optimization (Def.)  95.0 Optimization (Vol.) 42.2 42.2 

9. Conclusion: 

The Conclusion that can be obtained by SO of Ellipse shells by taking into account the 

values of internal forces, deflection  and volume together is the ratio F/L=1/2-1/5 The 

following Table 6.4 fig. 6.13.l show the optimal cases for each type of change: 

The ratio F/L=1/2-1/5 is the optimal case for internal forces and Von Mises stress as 

well as deflection. And the F/L≤ 1/4ratio is optimal for volume.  

6.3.1.4.-Fourth Type: Conical shell: 
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1.Parallel Forces (F11): Fig.6.15. a Parallel forces 

   
2. Meridian Forces (F22): Fig.6.15. b Meridian forces 

  
3. Parallel Moments (M11): Fig.6.15. c Parallel moments 

   
4. Meridian Moments (M22):  Fig.6.15. d Meridian moments 
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5. Von Mises Stress (σvm):  Fig.6.15. e Von Mises stress 

 
Fig.6.15. f Von Mises stress contour F/L=1/5     Fig.6.15. g Deflection contour 

 
6. Deflection (D):  Fig.6.15. h Deflection            7. Volume (V):  Fig.6.15. i Volume    

 
Fig.6.15. j Von Mises Stress, Deflection and Volume 

8. Interpretation of Results and Discussion: 
By studying the results and charts for the conical shape of variable rise (F). and 

discussing of the results  of the internal forces, bending moment, Von Mises stress, 

deflection and  volume those can be divided into three ranges: 

I:   F/L = 1/2-1/4 : The parallel forces increased by average ratio 11.51%. The meridian 

forces increased by average ratio 3.56% .The parallel moments increased by 6.15%. The 

meridian moments are increased by 8.52%. The Von Mises Stress increased by 7.65%.The 

deflection increased by 4.13%. The volume reduced by 29.88%. 
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Fig.6.15. k Von Mises Stress, Deflection, Volume and Optimal 

II:   F/L = 1/4-1/7 : The parallel forces increased by average ratio 17.78%. The meridian 

forces increased by average ratio 11.54% .The parallel moments increased by 13.61%. The 

meridian moments are increased by 14.77%. The Von Mises Stress increased by 

15.68%.The deflection increased by 10.31%. The volume reduced by 7.89%. 

III:F/L= 1/7-1/20 : The parallel forces increased by average ratio 57.45%. The meridian 

forces increased by average ratio 70.06% .The parallel moments increased by 81.7%. The 

meridian moments increased by 78.97%. The Von Mises Stress increased by 59.29%.The 

deflection increased by 83.63%. The volume reduced by 3.54%. As shown in the Fig. 6.15 

(a,b,c,d,e,f,g,h,i,j). 

9. Conclusion: 
The Conclusion that can be obtained by SO of conical shells by taking into account the 

values of internal forces, deflection and volume together is the ratio F/L=1/2-1/5 The 

following table 6.5  fig .6.15.k show the optimal cases for each type of change: The ratio 

F/L= 1/2-1/5 is the optimal case for internal forces and Von Mises stress as well as 

deflection.  And the F/L≤ 1/4 ratio is optimal for volume.   

Table 6. 5 Comparison F/L ratio 

   Von Mises Stress(N/mm2) Deflection (mm) Volume(m3) 
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1/4 1.27 0.21 0.21 0.34 56.1 73.2 4.31 0.08 0.08 0.26 214. 93.9 52.0 36.8 52.0 41.0 21.1 21.1 

1/5 1.27 0.21 0.21 0.41 91.2 67.2 4.31 0.08 0.08 0.38 362. 91.1 52.0 36.8 52.0 39.5 24.1 24.1 

1/6 1.27 0.21 0.21 0.48 124. 61.5 4.31 0.08 0.08 0.53 545. 87.6 52.0 36.8 52.0 38.6 25.7 25.7 

1/7 1.27 0.21 0.21 0.55 154. 56.3 4.31 0.08 0.08 0.70 750. 83.6 52.0 36.8 52.0 38.1 26.7 26.7 

 Optimization (σvm)  73.2 Optimization (Def.)  93.9 Optimization (Vol.) 6.7 6.7 

Table 6.6 shows the values of the rises that give the optimum case for the studied shells 
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Table 6. 6 shows the rises values that give the optimum case for the four types shells. 

Shell 
type 

Rise Design Variables values (F / L ratio) that give the best results for Optimization 
Objective  in the four types of the shells 

 F11 F22 M11 M22 
Von Mises 

Stress Deflection Volume Optimization 

Spherical 1/4 -1/5 1/4 -1/5 1/4  -1/6 1/4 -1/6 1/3-1/6 1/3-1/6  ≤1/5 1/3.5-1/5 

Parabolic  ≥1/7  ≥1/6  ≥1/7  ≥1/7  1/3 -1/6  ≥1/7  ≤1/5 1/3 -1/5 

Ellipse  ≥1/7  ≥1/7  ≥1/7  ≥1/7  1/2 -1/6  ≥1/6  ≤1/5  1/2-1/5 

Conical  ≥1/7  ≥1/7  ≥1/7  ≥1/7  1/2-1/6  ≥1/7  ≤1/4 1/2-1/5 

6.4. Variation of the thickness of shell:  
The thickness design variable is studied in three cases: the first and the second with a 

constant thickness (Ct) of 80 mm and 120 mm. The third case is the thickness gradually 

changing from 60mm in the top of the shell to 120 mm in bottom (edge support) so that the 

less thickness at crown and the largest thickness at the support. The study was done for the 

rise /span ratio F/L= 1/4, 1/5, 1/6 and 1 / 7. The results will be studied for the von Mises 

stress which expresses internal forces as previously mention and as the results showed in 

previous studies of change of rises in addition Deflection and Volume.     

6.4.1. Von Mises stress: 

Table 6.6. a Summary of design variable thicknessF/L Von Mises stress (Spherical) 

 Shell Type F/L 
t 

(mm) 
Von Mises Stress σvm (N/mm2) 

Maximum initial Optimum %Redu.(inil) %Redu.(Max) 

I

I 

 

Spherical  
 

1/4 

80 0.215 0.148 0.146 1.82 32.28 

120 0.215 0.148 0.148 0.00 31.03 

60-120 0.215 0.148 0.131 11.59 39.02 

1/5 

80 0.215 0.167 0.164 1.38 23.68 

120 0.215 0.167 0.167 0.00 22.60 

60-120 0.215 0.167 0.158 5.08 26.54 

1/6 
80 0.215 0.190 0.188 0.97 12.70 

120 0.215 0.190 0.190 0.00 11.85 

60-120 0.215 0.190 0.184 2.86 14.37 

1/7 

80 0.215 0.215 0.215 0.00 0.00 

120 0.215 0.215 0.209 2.75 2.75 

60-120 0.215 0.215 0.212 1.53 1.53 

Table 6.6. b Summary of design variable thickness with F/L Von Mises stress (Parabolic) 

 Shell Type F/L 
t 

(mm) 

Von Mises Stress σvm (N/mm2) 

Maximum initial Optimum %Redu.(ini) %Redu.(Max) 

II 

 

Parabolic s 1/4 

80 0.219 0.140 0.140 0.17 36.06 

120 0.219 0.140 0.140 0.26 36.12 

60-120 0.219 0.140 0.140 0.00 35.95 

1/5 

80 0.219 0.166 0.162 2.23 25.99 

120 0.219 0.166 0.164 1.23 25.24 

60-120 0.219 0.166 0.166 0.00 24.30 

1/6 

80 0.219 0.192 0.188 1.94 14.09 

120 0.219 0.192 0.189 1.39 13.61 

60-120 0.219 0.192 0.192 0.00 12.40 

1/7 

80 0.219 0.219 0.216 1.42 1.42 

120 0.219 0.219 0.215 1.58 1.58 

60-120 0.219 0.219 0.219 0.00 0.00 
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Table 6.6. c Summary of design variable thickness with F/L Von Mises stress (Ellipse) 

  Shell Type F/L 
t 

(mm) 
Von Mises Stress σvm (N/mm2) 

Maximum initial Optimum %Redu.(inil) %Redu.(Max) 

III 

 
Ellipse s 

 

1/4 

80 0.417 0.254 0.254 0.00 39.11 

120 0.417 0.254 0.249 1.67 40.13 

60-120 0.417 0.254 0.220 13.18 47.13 

1/5 

80 0.417 0.312 0.312 0.00 25.20 

120 0.417 0.312 0.301 3.53 27.84 

60-120 0.417 0.312 0.253 18.72 39.20 

1/6 

80 0.417 0.368 0.368 0.00 11.71 

120 0.417 0.368 0.351 4.56 15.73 

60-120 0.417 0.368 0.308 16.35 26.14 

1/7 

80 0.417 0.417 0.417 0.00 0.00 

120 0.417 0.417 0.405 2.80 2.80 

60-120 0.417 0.417 0.338 18.82 18.82 

Table 6.6. d Summary of design variable thickness with F/L Von Mises stress (Conical) 

  Shell Type F/L 
t 

(mm) 
Von Mises Stress σvm (N/mm2) 

Maximum initial Optimum %Redu.(inil) %Redu.(Max) 

IV 

 
Conical Shells 

 

1/4 

80 0.327 0.198 0.187 5.44 42.77 

120 0.327 0.198 0.185 6.67 43.52 

60-120 0.327 0.198 0.198 0.00 39.48 

1/5 

80 0.327 0.241 0.229 5.11 29.94 

120 0.327 0.241 0.240 0.50 26.53 

60-120 0.327 0.241 0.241 0.00 26.16 

1/6 

80 0.327 0.285 0.271 4.90 17.09 

120 0.327 0.285 0.266 6.63 18.60 

60-120 0.327 0.285 0.285 0.00 12.82 

1/7 

80 0.327 0.327 0.313 4.33 4.33 

120 0.327 0.327 0.306 6.24 6.24 

60-120 0.327 0.327 0.327 0.00 0.00 

1.  Interpretation of Results  
The results are show in Tables (6.6 a, b, c, d) which obtained from the analysis of the 

examples with the above data. The effect of changing the constant thickness (Ct) is a little 

on the Von Mises stress with the rise constant of the shell. 

When gradual change of thickness the effect is very small in the parabolic and conical 

shells, but in the spherical it reduced by 1.53% to 11% and in the ellipse the Von Mises 

stress reduce by 13.18%to 18.82%. Here is the effect of gradual change of thickness 

As compared with the change of rise , it is noticed that Von Mises stress reduce by as 

39.02% in the spherical, 39.95% in the parabolic , 47.13% in the ellipse and  39.48% in the 

conical  when the rise reduced  from F/L=1/4 to 1/7.by using gradual change of thickness. 

 6.4.2. Volume 
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Table 6.7. a Summary of design variable thickness with F/L Volume (Spherical) 

  Shell Type F/L 
T 

(mm) 
Volume V(m3) 

Maximum initial Optimum %Redu.(inil) %Redu.(Max) 

I

I 

Spherical 
 

 
1/4 

80 45.93 45.93 30.62 33.33 33.33 

120 45.93 45.93 45.93 0.00 0.00 

60-120 45.93 45.93 38.97 15.17 15.17 

 
1/5 

80 45.93 39.70 28.40 28.47 38.18 

120 45.93 39.70 39.70 0.00 13.57 

60-120 45.93 39.70 33.83 14.79 26.35 

 
1/6 

80 45.93 42.60 27.19 36.16 40.80 

120 45.93 42.60 42.60 0.00 7.27 

60-120 45.93 42.60 36.22 14.97 21.15 

 
1/7 

80 45.93 40.79 26.64 34.68 42.00 

120 45.93 40.79 40.79 0.00 11.20 

60-120 45.93 40.79 34.73 14.86 24.40 

Table 6.7. b Summary of design variable thickness with F/L Volume (Parabolic) 

        Shell Type F/L t(mm) 
Volume V(m3) 

Maximum initial Optimum %Redu.(inil) %Redu.(Max) 

II 

 
         

Parabolic 
 

 
1/4 

80 44.79 44.79 29.86 33.33 33.33 

120 44.79 44.79 44.79 0.00 0.00 

60-120 44.79 44.79 38.90 13.16 13.16 

 
1/5 

80 44.79 42.09 28.06 33.33 37.36 

120 44.79 42.09 42.09 0.00 6.04 

60-120 44.79 42.09 36.41 13.48 18.70 

 
1/6 

80 44.79 40.53 27.02 33.33 39.68 

120 44.79 40.53 40.53 0.00 9.52 

60-120 44.79 40.53 34.93 13.82 22.02 

 
1/7 

80 44.79 39.55 26.37 33.33 41.14 

120 44.79 39.55 39.55 0.00 11.70 

60-120 44.79 39.55 34.02 13.99 24.06 

Table 6.7. c Summary of design variable thickness with F/L Volume (Ellipse) 

 Shell Type F/L t(mm) 
Volume V(m3) 

Maximum initial Optimum %Redu.(inil) %Redu.(Max 

III 

 
Ellipse  

 

 
1/4 

80 50.62 50.62 33.75 33.33 33.33 

120 50.62 50.62 50.62 0.00 0.00 

60-120 50.62 50.62 42.92 15.22 15.22 

 
1/5 

80 50.62 46.64 31.09 33.33 38.58 

120 50.62 46.64 46.64 0.00 7.87 

60-120 50.62 46.64 39.63 15.03 21.71 

 
1/6 

80 50.62 44.17 29.45 33.33 41.83 

120 50.62 44.17 44.17 0.00 12.75 

60-120 50.62 44.17 37.58 14.92 25.77 

 
1/7 

80 50.62 42.51 28.34 33.33 44.02 

120 50.62 42.51 42.51 0.00 16.03 

60-120 50.62 42.51 36.19 14.86 28.51 
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Table 6.7. d Summary of design variable thickness with F/L Volume (Conical) 

  Shell Type F/L t(mm) 
Volume V(m3) 

Maximum initial Optimum %Redu.(inil) %Redu.(Max) 

IV 

 
Conical  

 

1/4 

80 41.06 41.06 27.38 33.33 33.33 

120 41.06 41.06 41.06 0.00 0.00 

60-120 41.06 41.06 35.08 14.58 14.58 

1/5 

80 41.06 39.54 26.36 35.81 35.81 

120 41.06 39.54 39.54 3.72 3.72 

60-120 41.06 39.54 33.77 17.76 17.76 

1/6 

80 41.06 38.68 25.79 37.20 37.20 

120 41.06 38.68 38.68 5.80 5.80 

60-120 41.06 38.68 33.08 19.44 19.44 

1/7 

80 41.06 38.16 25.44 38.05 38.05 

120 41.06 38.16 38.16 7.08 7.08 

60-120 41.06 38.16 32.59 20.63 20.63 

1.   Interpretation of Results  
The results show in the tables (6.7a, b, c, d) effect of changing the thickness on the volume: 

The effect of changing thickness, constant (Ct) or variable gradually thickness (Vt) on the volume is almost 
similar. With different rises for all types of shells. When the constant thickness (Ct) increases by a certain 

percentage, the volume increases by the same percentage, increasing the constant thickness (Ct) by 33% is the 

volume increase by: 

1) 28.47 % to 34.68 % in the spherical.     2) 33% in the parabolic and shells. 

3) 33 % in the ellipse shells.                        4)33 % to 38 % in the conical shells. 

Increasing the variable gradually thickness (Vt) by 25% is the volume increase by: 

1) 15% approximately in the spherical shells.   2) 13.50% approximately in the parabolic shells. 

3) 15 % approximately in the ellipse shells.     4) 14 %  to 20% approximately in the conical shells 

The effect of changing thickness is direct proportions. When Taking into consideration the rise, 

the reduction in volume is better in the F/L =1 / 7, which is the greatest improvement F/l=1/4: 

▪ 42.00% in the spherical shells.            * 41.14% in the parabolic shells. 

▪ 44.02 % in the ellipse shells.                *38.05% in the conical shells. 

6.4.3. Deflection 

Table 6.8. a Summary of design variable thickness with F/L Deflection (Spherical 

 Shell Type F/L 
t 

(mm) 
Deflection D (mm) 

Maximum initial Optimum %Redu.(inil) %Redu.(Max) 

I 

 

Spherical  
 

1/4 

80 0.202 0.132 0.132 0.00 34.74 

120 0.202 0.132 0.126 3.90 37.28 

60-120 0.202 0.132 0.092 30.40 54.58 

1/5 

80 0.202 0.146 0.146 0.00 27.34 

120 0.202 0.146 0.141 3.52 29.90 

60-120 0.202 0.146 0.093 36.50 53.86 

1/6 

80 0.202 0.170 0.170 0.00 15.40 

120 0.202 0.170 0.165 3.08 18.00 

60-120 0.202 0.170 0.103 39.44 48.77 

1/7 

80 0.202 0.202 0.202 0.00 0.00 

120 0.202 0.202 0.196 2.62 2.62 

60-120 0.202 0.202 0.111 45.11 45.11 
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Table 6.8. b Summary of design variable thickness with F/L Deflection (Parabolic) 

 Shell Type F/L t(mm) 
Deflection D (mm) 

Maximum initial Optimum %Redu.(inil) %Redu.(Max) 

II 

 

Parabolic 
 

1/4 

80 0.171 0.090 0.090 0.00 47.32 

120 0.171 0.090 0.087 3.01 48.90 

60-120 0.171 0.090 0.064 28.22 62.19 

1/5 

80 0.171 0.111 0.111 0.00 35.18 

120 0.171 0.111 0.107 2.90 37.07 

60-120 0.171 0.111 0.092 17.11 46.27 

1/6 

80 0.171 0.138 0.138 0.00 19.28 

120 0.171 0.138 0.134 2.57 21.35 

60-120 0.171 0.138 0.125 8.92 26.48 

1/7 

80 0.171 0.171 0.171 0.00 0.00 

120 0.171 0.171 0.167 2.18 2.18 

60-120 0.171 0.171 0.167 2.05 2.05 

Table 6.8. c Summary of design variable thickness with F/L Deflection (Ellipse) 

 Shell Type F/L t(mm) 
Deflection D (mm) 

Maximum initial Optimum %Redu.(inil) %Redu.(Max) 

III 

 

Ellipse  
 

1/4 

80 1.217 0.436 0.436 0.00 64.14 

120 1.217 0.436 0.409 6.23 66.37 

60-120 1.217 0.436 0.280 35.83 76.99 

1/5 

80 1.217 0.651 0.651 0.00 46.51 

120 1.217 0.651 0.626 3.90 48.60 

60-120 1.217 0.651 0.434 33.28 64.31 

1/6 

80 1.217 0.913 0.913 0.00 24.98 

120 1.217 0.913 0.873 4.43 28.30 

60-120 1.217 0.913 0.592 35.14 51.34 

1/7 

80 1.217 1.217 1.217 0.00 0.00 

120 1.217 1.217 1.160 4.71 4.71 

60-120 50.62 42.51 36.19 14.86 28.51 

Table 6.8. d Summary of design variable thickness with F/L Deflection (Conical) 

 Shell Type F/L t(mm) 
Deflection D (mm) 

Maximum initial Optimum %Redu.(inil) %Redu.(Max) 

IV 

 

Conical  
 

1/4 

80 0.741 0.281 0.281 0.00 62.11 

120 0.741 0.281 0.262 6.82 64.69 

60-120 0.741 0.281 0.260 7.28 64.87 

1/5 

80 0.741 0.416 0.416 0.00 43.86 

120 0.741 0.416 0.384 7.56 48.11 

60-120 0.741 0.416 0.385 7.47 48.06 

1/6 

80 0.741 0.569 0.569 0.00 23.15 

120 0.741 0.569 0.537 5.76 27.58 

60-120 0.741 0.569 0.548 3.71 26.00 

1/7 

80 0.741 0.741 0.741 0.00 0.00 

120 0.741 0.741 0.707 4.53 4.53 

60-120 0.741 0.741 0.717 3.28 3.28 
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1. Interpretation of Results : The results show in Tables 6.8 (a, b, c and d), effect of 

changing thickness on deflection:     The effect of increasing constant thickness (Ct) by 33% 

reduced the deflection by 3-7% and this is a weak effect. When a variable thickness (Vt) is 

used gradually and compared with constant thickness (Ct), the deflection reduced by 3.28 - 

45.11% depending on the type and rise of the shell. 

❖ 30.40% at F/L=1/4 and 45.11 % at F/L =1/7   in the spherical shells.        

❖ 28.22% at F/L=1/4 and 2.05 % at F/L =1/7 in the parabolic and shells. 

❖ 35.83% at F/L=1/4 and 14.86 % at F/L =1/7 in the ellipse shells. 

❖ 7.8%  at F/L=1/4 and  3.28 % at F/L =1/7 in the conical shells 

Increasing the variable gradually thickness (Vt) by 25% is When Taking into 

consideration the rise the deflection reduced by: 

➢ 54.58% in the spherical shells. (F/L = 1 / 4 & variation thickness) 

➢ 62.19% in the parabolic shells. (F/L = 1 / 4 & variation thickness) 

➢ 76.99% in the ellipse shells. (F/L = 1 / 4 & variation thickness) 

➢ 64.87% in the conical shells. (F/L = 1 / 4 & variation thickness) 

Here is appearing the importance of the effect of gradual variation thickness than 

constant thickness (Ct) in reducing the deflection, which is reflected positively on the 

rigidity, stiffness and stability of shell. 

6.4.4. Study of the combined effect of Von Mises stress, volume and deflection: 

The results show in Tables 6.9,10,11 are summarized as a summary of the combined 

effect of the Von Mises stress, volume and deflection with changing thickness and 

advancing with each species of shells studied for each species. The tables 6.9,10,11 shows 

two types of combined  

I: Von Mises Stress + Volume + deflection 

❖ In spherical shell, F/L=1/4 and gradually changing thickness is the optimal case. 

❖ In parabolic shell, the F/L=1/4 and the lowest constant thickness (Ct) are optimal. 

❖ In ellipse shell the F/L=1/4 and gradually changing thickness are optimal case. 

❖ In conical shell the F/L=1/4 and constant thickness (Ct) is optimal case. 

II: Von Mises Stress + Volume: (deflection was neglected for the smallest values). 

➢ In spherical shell, F/L=1/4 and lowest constant thickness (Ct) is the optimal case. 

➢ In parabolic shell, the F/L=1/4 and the lowest constant thickness (Ct) is optimal  

➢ In ellipse shell the F/L=1/4 and lowest constant thickness (Ct) is optimal case. 

➢ In conical shell the F/L=1/4 and lowest constant thickness (Ct) is optimal case.6. 

7A comparison of the results between the first and second combinations shows the effect 

of the gradual changing in thickness is reducing the deflection, which makes the shell 

more rigidity and stability to resist the deflection.Table 6 

Conclusion: the effect of changing thickness (gradual or constant) is little  and this can be 

seen from the above results, but it can be concluded that in general the least thickness shells 

are best if the need for rigidity and stiffness shells resist deflection  then prefers include 

changing the thickness gradual  from the crown to edge .Results show the general case to 

best achieve the objectives of design optimization that thickness is to be smaller thickness... 

6.5. Study the effect of shape shells:  
In the following analysis we will study the effect of shape for four shells, on the internal 

forces represented by Von Mises stress and the volume, and the deflection which represents 

the stability is separately for each type and then combined between them to obtain the 

general optimal case of this study, taking into account the effect of thickness and rise 
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Table 6. 8 Summary of structural optimization results for each type from ASR 

  
Shell Type 

F/L t %Reduction SUM of Ratio 
  

(mm) σvm(N/mm2) V (m3) D (mm) σvm +V+D % σvm +V % 

I 

 

Spherical  
 

1/4 

6.5 32.28 33.33 34.74 100.35 65.61 

120 31.03 0.00 37.28 68.31 31.03 

60-120 39.02 15.17 54.58 108.76 54.19 

1/5 

80 23.68 38.18 27.34 89.19 61.85 

120 22.60 13.57 29.90 66.07 36.18 

60-120 26.54 26.35 53.86 106.75 52.89 

1/6 

80 12.70 40.80 15.40 68.90 53.50 

120 11.85 7.27 18.00 37.11 19.11 

60-120 14.37 21.15 48.77 84.28 35.52 

1/7 

80 0.00 42.00 0.00 42.00 42.00 

120 2.75 11.20 2.62 16.57 13.95 

60-120 1.53 24.40 45.11 71.04 25.93 

II 

 

Parabolic  

1/4 

80 36.06 33.33 47.32 116.71 69.40 

120 36.12 0.00 48.90 85.02 36.12 

60-120 35.95 13.16 62.19 111.30 49.12 

1/5 

80 25.99 37.36 35.18 98.54 63.35 

120 25.24 6.04 37.07 68.34 31.27 

60-120 24.30 18.70 46.27 89.28 43.01 

1/6 

80 14.09 39.68 19.28 73.05 53.77 

120 13.61 9.52 21.35 44.49 23.13 

60-120 12.40 22.02 26.48 60.90 34.42 

1/7 

80 1.42 41.14 0.00 42.55 42.55 

120 1.58 11.70 2.18 15.46 13.29 

60-120 0.00 24.06 2.05 26.12 24.06 

III 

 

Ellipse  
 

1/4 

80 39.11 33.33 64.14 136.58 72.44 

120 40.13 0.00 66.37 106.50 40.13 

60-120 47.13 15.22 76.99 139.35 62.36 

1/5 

80 25.20 38.58 46.51 110.29 63.78 

120 27.84 7.87 48.60 84.30 35.70 

60-120 39.20 21.71 64.31 125.22 60.91 

1/6 

80 11.71 41.83 24.98 78.52 53.54 

120 15.73 12.75 28.30 56.79 28.48 

60-120 26.14 25.77 51.34 103.25 51.91 

1/7 

80 0.00 44.02 0.00 44.02 44.02 

120 2.80 16.03 4.71 23.54 18.83 

60-120 18.82 28.51 36.34 83.67 47.32 

IV 

Conical   
 

1/4 

80 42.77 33.33 62.11 138.21 76.10 

120 43.52 0.00 64.69 108.21 43.52 

60-120 39.48 14.58 64.87 118.93 54.06 

1/5 

80 29.94 35.81 43.86 109.62 65.75 

120 26.53 3.72 48.11 78.36 30.25 

60-120 26.16 17.76 48.06 91.98 43.92 

1/6 

80 17.09 37.20 23.15 77.44 54.29 

120 18.60 5.80 27.58 51.98 24.40 

60-120 12.82 19.44 26.00 58.26 32.26 

1/7 

80 4.33 38.05 0.00 42.38 42.38 

120 6.24 7.08 4.53 17.85 13.32 

60-120 0.00 20.63 3.28 23.91 20.63 
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Table 6. 9 Summary of structural optimization results by change the thickness 

Shell 
type 

Thickness  that give the best results for Optimization Objective  in the four types of the shells 

Von Mises Stress σvm Volume  V Deflection  D Sum of σvm + V+ D Sum of σvm + V Optimization 

Spherical Vt Min.Ct Vt Vt Min.Ct Vt+ Min.Ct 

Parabolic Ct Min.Ct Vt Min.Ct Min.Ct Min.Ct 

Ellipse Vt Min.Ct Vt Vt Min.Ct Vt+ Min.Ct 

Conical Ct Min.Ct Vt Min.Ct Min.Ct Min.Ct 

Table 6. 10 Summary of structural optimization results for ASR by change the thickness 

Shell type I- Spherical II- Parabolic III- Ellipse IV- Conical 
Design Variable 

(thickness) 
Optimization 

Objective 

 
   

t(mm) 80 120 60-120 80 120 60-120 80 120 60-120 80 120 60-120 

Sum of reduction 
ratios% σvm + V+ D 

100.35 68.31 108.76 116.71 85.02 111.30 136.58 106.50 139.35 138.21 108.21 118.93 

Optimum case             

Sumof reduction 
ratios% σvm + V 

65.61 31.03 54.19 61.85 36.18 52.89 72.44 40.13 62.36 76.10 13.32 20.63 

Total % 82.98 58.67 81.84 89.28 60.60 82.10 104.51 73.32 100.90 107.16 60.77 69.78 

Optimum case `             

6.5.1. Von Mises stress: 

 By reference to results in Tables 6.12,13 The change shape of shells effect on internal 

forces it has been observed that the weakest shape is the ellipse: 

In spherical shells the Von Mises stress reduced by 57.60% than ellipse shells 

In parabolic shells the Von Mises stress reduced by 57.35% than ellipse shells 

In conical shells Von Mises stress reduced by 37.27% than ellipse shells 

 Here, the best shape for internal forces reduction is the spherical and parabolic shape. 

6.5.2. Volume: 
 By reference to the analytical results in Tables 6.12,14 the change in the shape of shells 

effect on volume especially in relation to the ellipse shell. 

➢ In spherical shells the volume is reduced by 20.50% than ellipse shell 

➢ In parabolic shells volume reduced by 21.83% than ellipse shell 

➢ In conical shells the volume reduced by 31.33% than ellipse shell 

Here, the best shape of the shells for down volume appears to be the conical shape 

6.5.3. Deflection: 

 The results in Tables 6.12,15 show : The change in the shape of shells effect on 

deflection it has been observed that the largest deflection appears in the ellipse  

In spherical shells the deflection reduced by 51.73% than ellipse shells  

In parabolic shells the deflection reduced by 52.56% than ellipse shells 

In conical shells the deflection reduced by 29.08% than ellipse shells 

Here, it appears that the best shape of the shell for deflection reduction is the parabolic. 
Table 6. 11 show the final results of reduction ratio 

Shell type 
% Reduction percentage (Average value 

from table (6.12,13,14)  
%Reduction percentage than minimum 

value  
Von Mises Stress Volume Deflection Von Mises Stress Volume Deflection 

Spherical 57.74 29.94 88.51 57.59 20.50 51.73 

Parabolic 57.40 30.45 90.05 57.34 21.83 52.56 

Ellipse 24.48 23.80 42.72 0 0 0 

Conical 39.03 34.66 60.24 37.27 31.33 29.08 
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Von Mises stress Table 6. 12 Summary of structural optimization results Von Mises stress 

  Shell Type F/L 
t 

(mm) 
Von Mises  Stress σvm (N/mm2) 

Maximum Minimum Optimum %Redu.(Max) 

I 

 

Spherical  
 
 
 
 
 
 
 
 
 

Average Redu.= 57.74% 

 
1/4 

80 0.417 0.131 0.146 65.02 

120 0.417 0.131 0.148 64.37 

60-120 0.417 0.131 0.131 68.50 

 
1/5 

80 0.417 0.131 0.164 60.57 

120 0.417 0.131 0.167 60.02 

60-120 0.417 0.131 0.158 62.05 

 
1/6 

80 0.417 0.131 0.188 54.90 

120 0.417 0.131 0.190 54.46 

60-120 0.417 0.131 0.184 55.76 

 
1/7 

80 0.417 0.131 0.215 48.34 

120 0.417 0.131 0.209 49.76 

60-120 0.417 0.131 0.212 49.13 

II 

Parabolic  
 
 
 
 
 
 
 
 

Average Redu.= 57.40% 
 

 
1/4 

80 0.417 0.140 0.140 66.42 

120 0.417 0.140 0.140 66.45 

60-120 0.417 0.140 0.140 66.36 

 
1/5 

80 0.417 0.140 0.162 61.13 

120 0.417 0.140 0.164 60.73 

60-120 0.417 0.140 0.166 60.24 

 
1/6 

80 0.417 0.140 0.188 54.88 

120 0.417 0.140 0.189 54.62 

60-120 0.417 0.140 0.192 53.99 

 
1/7 

80 0.417 0.140 0.216 48.22 

120 0.417 0.140 0.215 48.31 

60-120 0.417 0.140 0.219 47.47 

III 

Ellipse  
 
 
 
 
 
 
 
 
 

Average Redu.= 24.48% 

 
1/4 

80 0.417 0.220 0.254 39.11 

120 0.417 0.220 0.249 40.13 

60-120 0.417 0.220 0.220 47.13 

 
1/5 

80 0.417 0.220 0.312 25.20 

120 0.417 0.220 0.301 27.84 

60-120 0.417 0.220 0.253 39.20 

 
1/6 

80 0.417 0.220 0.368 11.71 

120 0.417 0.220 0.351 15.73 

60-120 0.417 0.220 0.308 26.14 

 
1/7 

80 0.417 0.220 0.417 0.00 

120 0.417 0.220 0.405 2.80 

60-120 0.417 0.220 0.338 18.82 

IV 

 

Conical   
 
 
 
 
 
 
 
 

Average Redu.= 39.03% 
 

 
1/4 

80 0.417 0.185 0.187 55.10 

120 0.417 0.185 0.185 55.69 

60-120 0.417 0.185 0.198 52.52 

 
1/5 

80 0.417 0.185 0.229 45.03 

120 0.417 0.185 0.240 42.36 

60-120 0.417 0.185 0.241 42.07 

 
1/6 

80 0.417 0.185 0.271 34.95 

120 0.417 0.185 0.266 36.14 

60-120 0.417 0.185 0.285 31.60 

 
1/7 

80 0.417 0.185 0.313 24.94 

120 0.417 0.185 0.306 26.44 

60-120 0.417 0.185 0.327 21.54 
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Volume:       Table 6. 13 Summary of structural optimization results Volume 

  Shell Type F/L t(mm) 
Volume V(m3) 

Maximum Minimum Optimum %Reduction 

I 

Spherical 
 
 
 
 
 
 
 

Average 
Redu.=29.94% 

 

 1/4 

80 50.62 26.47 30.62 39.51 

120 50.62 26.47 45.93 9.27 

60-120 50.62 26.47 38.97 23.03 

 1/5 

80 50.62 26.47 28.40 43.90 

120 50.62 26.47 39.70 21.58 

60-120 50.62 26.47 33.83 33.17 

 1/6 

80 50.62 26.47 27.19 46.28 

120 50.62 26.47 42.60 15.86 

60-120 50.62 26.47 36.22 28.45 

 1/7 

80 50.62 26.47 26.64 47.37 

120 50.62 26.47 40.79 19.43 

60-120 50.62 26.47 34.73 31.40 

II 

Parabolic 
 
 
 
 
 

Average 
Redu.=30.45% 

 1/4 

80 50.62 26.37 29.86 41.01 

120 50.62 26.37 44.79 11.52 

60-120 50.62 26.37 38.90 23.16 

 1/5 

80 50.62 26.37 28.06 44.57 

120 50.62 26.37 42.09 16.86 

60-120 50.62 26.37 36.41 28.07 

 1/6 

80 50.62 26.37 27.02 46.63 

120 50.62 26.37 40.53 19.94 

60-120 50.62 26.37 34.93 31.01 

 1/7 

80 50.62 26.37 26.37 47.92 

120 50.62 26.37 39.55 21.88 

60-120 50.62 26.37 34.02 32.81 

III 

Ellipse 
 
 
 
 
 
 
 

Average 
Redu.=23.80% 

 1/4 

80 50.62 28.34 33.75 33.33 

120 50.62 28.34 50.62 0.00 

60-120 50.62 28.34 42.92 15.22 

 1/5 

80 50.62 28.34 31.09 38.58 

120 50.62 28.34 46.64 7.87 

60-120 50.62 28.34 39.63 21.71 

 1/6 

80 50.62 28.34 29.45 41.84 

120 50.62 28.34 44.17 12.75 

60-120 50.62 28.34 37.58 25.77 

 1/7 

80 50.62 28.34 28.34 44.02 

120 50.62 28.34 42.51 16.03 

60-120 50.62 28.34 36.19 28.51 

IV 

 

Conical 
 
 
 
 
 
 
 
 

Average 
Redu.=34.66% 

 1/4 

80 50.62 25.44 27.38 45.92 

120 50.62 25.44 41.06 18.89 

60-120 50.62 25.44 35.08 30.71 

 1/5 

80 50.62 25.44 26.36 47.93 

120 50.62 25.44 39.54 21.90 

60-120 50.62 25.44 33.77 33.29 

 1/6 

80 50.62 25.44 25.79 49.06 

120 50.62 25.44 38.68 23.59 

60-120 50.62 25.44 33.08 34.65 

 1/7 

80 50.62 25.44 25.44 49.75 

120 50.62 25.44 38.16 24.63 

60-120 50.62 25.44 32.59 35.62 
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Deflection:  Table 6. 14 Summary of structural optimization results Deflection 

 Shell Type F/L t(mm) 
Deflection D (mm) 

Maximum Minimum Optimum %Redu.(Max) 

I 

Spherical  
 
 
 
 
 
 

Average Redu.=88.51% 

1/4 

80 1.217 0.093 0.132 89.19 

120 1.217 0.093 0.126 89.62 

60-120 1.217 0.093 0.092 92.479 

1/5 

80 1.217 0.093 0.146 87.969 

120 1.217 0.093 0.141 88.393 

60-120 1.217 0.093 0.093 92.36 

1/6 

80 1.217 0.093 0.170 85.99 

120 1.217 0.093 0.165 86.42 

60-120 1.217 0.093 0.103 91.517 

1/7 

80 1.217 0.093 0.202 83.44 

120 1.217 0.093 0.196 83.88 

60-120 1.217 0.093 0.111 90.91 

II 

Parabolic  
 
 
 
 
 
 

Average Redu.=90.05% 

1/4 

80 1.217 0.064 0.090 92.62 

120 1.217 0.064 0.087 92.84 

60-120 1.217 0.064 0.064 94.70 

1/5 

80 1.217 0.064 0.111 90.92 

120 1.217 0.064 0.107 91.18 

60-120 1.217 0.064 0.092 92.47 

1/6 

80 1.217 0.064 0.138 88.69 

120 1.217 0.064 0.134 88.98 

60-120 1.217 0.064 0.125 89.70 

1/7 

80 1.217 0.064 0.171 85.98 

120 1.217 0.064 0.167 86.29 

60-120 1.217 0.064 0.167 86.27 

III 

Ellipse  
 
 
 
 
 
 
 
 
 

Average Redu.=42.72% 
 

1/4 

80 1.217 0.280 0.436 64.14 

120 1.217 0.280 0.409 66.37 

60-120 1.217 0.280 0.280 76.99 

1/5 

80 1.217 0.280 0.651 46.51 

120 1.217 0.280 0.626 48.60 

60-120 1.217 0.280 0.434 64.31 

1/6 

80 1.217 0.280 0.913 24.98 

120 1.217 0.280 0.873 28.31 

60-120 1.217 0.280 0.592 51.34 

1/7 

80 1.217 0.280 1.217 0.00 

120 1.217 0.280 1.160 4.72 

60-120 1.217 0.280 0.775 36.35 

IV 

 
Conical   

 
 
 
 
 
 

Average Redu.=60.24% 

1/4 

80 1.217 0.260 0.281 76.93 

120 1.217 0.260 0.262 78.51 

60-120 1.217 0.260 0.260 78.61 

1/5 

80 1.217 0.260 0.416 65.83 

120 1.217 0.260 0.384 68.41 

60-120 1.217 0.260 0.385 68.38 

1/6 

80 1.217 0.260 0.569 53.22 

120 1.217 0.260 0.537 55.91 

60-120 1.217 0.260 0.548 54.95 

1/7 

80 1.217 0.260 0.741 39.12 

120 1.217 0.260 0.707 41.88 

60-120 1.217 0.260 0.717 41.12 
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6.6. General Optimal Case Study: 
In this case the studying is optimization of internal forces (Von Mises stress), volume 

and deflection (stability) by taking the rise, thickness and shape together to obtain the 

optimal case. Study of the combined effect of von Mises stress, volume and deflection: 

The results show in Tables (6.15,16,17) are summarized as a summary of the combined 

effect of the von Mises  stress ,volume and deflection with changing rise, thickness and 

shape for each species of shells studied.The tables 6.15,16,17 shows two types of combined  

I: Von Mises Stress + Volume + Deflection  

II: Stress Von Mises + Volume (deflection was neglected for the smallest values and 

knowledge of the effect without it) 

The optimum in the first case is parabolic shell, followed by spherical, conical, and 

finally ellipse. And in Second Case It is observed in the second case also the same 

arrangement in the optimization the parabolic then the spherical then the conical and finally 

ellipse and this indicates the low impact of the deflection effect in the optimization .  

In fact, at the end of the study and analysis the optimization of the structural design 

of axisymmetric shells of revolution gave preference to the parabolic shells than the rest 

of the species followed by spherical and then conical and finally the ellipse in terms of 

structural and economic, but in engineering work cannot ignore the architectural 

aesthetic, which is the third pillar of engineering with Safe structural design and 

economical state. Here, the aesthetic model may have a major impact on SO because it is 

originally one of the specifications of the shells and their architectural beauty 

Table 6. 15 Summary of reduction ratio for general case 

Shell type 
% Reduction ratio (Optimization Objective) 

Von Mises  Stress Volume Deflection (σvm+V+D) % (σvm +Vol.)% 

Spherical 57.74 29.94 88.51 58.73 43.84 

Parabolic 57.40 30.45 90.05 59.30 43.92 

Ellipse 24.48 23.80 42.72 30.34 24.14 

Conical 39.03 34.66 60.24 44.65 36.85 

Table 6. 16 Final results of structural optimization results for all type from ASR 

Shell type I- Spherical II- Parabolic III- Ellipse IV- Conical 

Design Variable 
(shape)General case 

Optimization 
Objective 

    

Sum of reduction 
ratios σvm + V+ D 

704.77 711.60 364.02 535.74 

% 58.73 59.30 30.34 44.65 
Optimum case Second First Fourth Third 

Sum of reduction 
ratios σvm + V 

526.07 527.09 289.71 442.17 

% 43.84 43.92 24.14 36.85 
Optimum case Second First Fourth Third 

 

 

 

 



  

62 

Table 6. 17 Reduction ratio of structural optimization results for all type from ASR 

  Shell Type F/L t(mm) 

%Reduction  (σvm +V 
+D) % 

Optimum 

(σvm +V+D 
(σvm  

 +V)% 

Optimum 
σvm +V σvm(N/mm V(m3) D.(mm) 

I 

 
Spherical 

 1/4 

80 65.02 39.51 89.19 64.57 
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120 64.37 9.27 89.62 54.42 36.82 

60-120 68.50 23.03 92.48 61.33 45.76 

 1/5 

80 60.57 43.90 87.97 64.15 52.24 

120 60.02 21.58 88.39 56.66 40.80 

60-120 62.05 33.17 92.36 62.53 47.61 

 1/6 

80 54.90 46.28 85.99 62.39 50.59 

120 54.46 15.86 86.42 52.25 35.16 

60-120 55.76 28.45 91.52 58.58 42.11 

 1/7 

80 48.34 47.37 83.44 59.72 47.86 

120 49.76 19.43 83.88 51.02 34.59 

60-120 49.13 31.40 90.91 57.15 40.27 

 SUM of Spherical Shell σvm +Volu.+Defl.),( σvm +Vo 704.77 526.07 

II 

Parabolic 
 
 

 1/4 

80 66.42 41.01 92.62 66.68 53.71 

120 66.45 11.52 92.84 56.94 38.98 

60-120 66.36 23.16 94.70 61.41 44.76 

 1/5 

80 61.13 44.57 90.92 65.54 52.85 

120 60.73 16.86 91.18 56.26 38.80 

60-120 60.24 28.07 92.47 60.26 44.15 

 1/6 

80 54.88 46.63 88.69 63.40 50.75 

120 54.62 19.94 88.98 54.51 37.28 

60-120 53.99 31.01 89.70 58.23 42.50 

 1/7 

80 48.22 47.92 85.98 60.71 48.07 

120 48.31 21.88 86.29 52.16 35.09 

60-120 47.47 32.81 86.27 55.52 40.14 

 SUM of Parabolic Shell (σvm+Volu.+Defl.),( σvm +V) 711.60 527.09 

III 

 

Ellipse 
 

 1/4 

80 39.11 33.33 64.14 45.53 36.22 

120 40.13 0.00 66.37 35.50 20.06 

60-120 47.13 15.22 76.99 46.45 31.18 

 1/5 

80 25.20 38.58 46.51 36.76 31.89 

120 27.84 7.87 48.60 28.10 17.85 

60-120 39.20 21.71 64.31 41.74 30.46 

 1/6 

80 11.71 41.84 24.98 26.18 26.77 

120 15.73 12.75 28.31 18.93 14.24 

60-120 26.14 25.77 51.34 34.42 25.95 

 1/7 

80 0.00 44.02 0.00 14.67 22.01 

120 2.80 16.03 4.72 7.85 9.41 

60-120 18.82 28.51 36.35 27.89 23.66 

 SUM of Ellipse Shell (σvm +Volu.+Defl.),( σvm +Volu.) 364.02 289.71 

IV 

 

Conical 
 

 1/4 

80 55.10 45.92 76.93 59.32 50.51 

120 55.69 18.89 78.51 51.03 37.29 

60-120 52.52 30.71 78.61 53.95 41.62 

 1/5 

80 45.03 47.93 65.83 52.93 46.48 

120 42.36 21.90 68.41 44.22 32.13 

60-120 42.07 33.29 68.38 47.91 37.68 

 1/6 

80 34.95 49.06 53.22 45.74 42.01 

120 36.14 23.59 55.91 38.55 29.86 

60-120 31.60 34.65 54.95 40.40 33.13 

 1/7 

80 24.94 49.75 39.12 37.94 37.34 

120 26.44 24.63 41.88 30.98 25.53 

60-120 21.54 35.62 41.12 32.76 28.58 

 SUM of Conical Shell (σvm +Volu.+Defl.),( σvm +Volu.) 535.74 442.17 
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6.7. Studying the Effect of Change of Span: 
The effect of changing the span on the types of ASR is studied by the rise to span is 1/4 

and 0.12 m thickness and changing the span 10, 20, 30 and 40 meters according to the data 

show in the table 6.18 below:  
Table 6. 18 Changing of span data 

Number of Node 289 Young’s Modulus(E) 2.1 *107 KN/ m2 

Number of Element 288 Poisson's ratio ( ) of concrete 0.2 

Rise /Span F/L 1/4 Specific weight of water ( c ) 24 KN/ m3 

Thickness/Radius t /R 1/420 - 1/100 Shell Thickness (t) 0.12 m 
Span L 10,20,30,40    m Shell Type Spherical, Parabolic, Ellipse, Conical 

 

  
Fig.6.16. a Effect of change of span (von Mises stress)    Fig.6.16. b Effect of change of span(Volume (m3))  

The results and charts in Fig. 6.16 a, b, c of 

the effect of changing the span on internal 

forces, volume and deflection show: 

1-The internal forces increased in the direct 

proportion with increase of span for all. 

2- The volume increased by quadratic 

proportion with increase the span for all.  

3-The deflection increased by a quadratic 

proportion plus a slight increase of 10% 

almost with increase the span for the four                      
                                                                                             Fig.6.16. c Effect of change of span (Deflection mm) 

species of shells. The deflection varies from one type to the other.  

The biggest deflection in the ellipse shell, then the conical shell, then the spherical and 

the lowest in parabolic. This indicates the strength and rigidity of the parabolic shape than 

other shapes. Here it can be concluded that the effect of changing the span does not affect 

the optimal case .Table 6.20 shows the percentages of change. 

Table 6. 19 Summary of Final Results of effect of the changing the span 

I  Shell type I- Spherical II- Parabolic III- Ellipse IV- Conical 

 
Design 

Variable 
       (nDV) 

Optimization 
Objective 

 
 

 

 
 

 

 
 
 

 

 
 

 

5 
Span 

(L) 

Internal Forces  
Direct 

Proportion 
Direct 

Proportion 
Direct 

Proportion 
Direct 

Proportion 

Volume (V) Quadratic Fit Quadratic Fit Quadratic Fit Quadratic Fit 

Deflection (D) 
Quadratic Fit 

+more 
Quadratic Fit 

+more 
Quadratic Fit 

+more 
Quadratic Fit 

+more 
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6.8. Summary: 
Table 6.21 shows the final results of the study to SO design of axisymmetric shell of 

revolution by taking the design variables of rise, thickness and shape in two cases: 

Table 6. 20 Summary of Final Results of Optimization 

I  Shell type I- Spherical II- Parabolic III- Ellipse IV- Conical 

 
Design 

Variable 
       (nDV) 

Optimization 
Objective 

 
 
 

 

 
 
 

 

 
 
 

 

 
 
 

 

1 
Rise 

(F/L) 

Internal Forces  1/3-1/6 1/3-1/6 1/2-1/6 1/2-1/6 

Volume (V) ≤ 1/5 ≤ 1/5 ≤ 1/5 ≤ 1/4 

Deflection (D) 1/3-1/6 ≥1/7 ≥1/6 ≥1/7 

2
2 

Thickness 
(t) 

Internal Forces  
Variable 

Thickness(Vt) 
Constant 

Thickness(Ct) 
Variable 

Thickness(Vt) 
Constant 

Thickness(Ct) 
Volume (V) Minimum Constant Thickness min.(Ct) 

Deflection (D) Variable Thickness (Vt) 

3
3 

Shape 

 % Reduction ratio (Optimization Objective) 

Internal Forces  57.74 (1) 57.40(2) 24.48 (4) 39.03(3) 
Volume (V) 29.94 (3) 30.45(2) 23.80(4) 34.66(1) 

Deflection (D) 88.51(2) 90.05(1) 42.72(4) 60.24(3) 

4
4 

General 
case 

 

Internal Forces  
+Volume (V) 

+Deflection(D) 
58.73(2) 59.30 (1) 30.34(4) 44.65(3) 

Internal Forces  
+Volume (V) 

43.84(2) 43.92(1) 24.14(4) 36.85(3) 

  Optimum case Second First Fourth Third 

1-The results show that the best shells structural and economical are parabolic shell 

and followed by spherical then conical and finally ellipse by F/L=1/4-1/6 ratios. 

2- if the design variables takes the rise only, the optimum case is to be F/L= 1/4- 1/6 

and the rise should be between these ratios. 

3-if the design variable is thickness only, the optimum case is that the smaller constant 

thickness is taken into the parabolic and conical shells and the gradually changing 

thickness is taken into the spherical and the ellipse 

4-if the design variable is shape only, the optimal case is clearly shown. The parabolic 

shape is the best, followed by the spherical, then the conical, and finally the ellipse. 

6.9. Conclusion  
In this chapter focuses on the actual research work that has been done independently 

and is interested in studying and analyzing the responses of origin for the objectives of 

optimization by changing design variables.  

The response of optimization objectives is studied by giving gradually values for each 

type of variables. Over 150 case studies are analysis and interpretation of the results were 

analyzed to obtain as much as possible the optimal case. The FEM with SAP 2000 program 

is used, where it has been verified of numerical model as an essential step for the 

axisymmetric shells of revolution, and for seeking the optimum shell case. The response of 

the ARS investigated under self weight, and has determined the effects of thickness, rise, 

and shape, and a response type. Stress and deflection responses under effect of the load are 

obtained. And calculate the volume of each case for final comparison with objectives to 

examine the influence of parameters the, with different values are used. 
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 The major findings of this aspect in the work are: 

❖ The Optimization of shell structures has demonstrated the possibility of improving not 

only shell designs but also better choice of shapes and large saving of material.  

❖ Optimal Rise has been identified as an important variable which has significant effects 

on each type of ASR. 

❖ Thickness of the shells can be optimized in a piecewise pattern for any shape of ASR.   

❖ The parabolic shell has been identified as the optimum (most economical and efficient) 

shape of ASR in many applications. 

❖ These three items mentioned above (rise, thickness, shape) will contribute significantly 

and effectively to ease, improve, and economy the implementation of this type of structures 

and these will facilitate ease of construction. 

In the following outcomes that will influence shell design;  

➢ The stresses and deflections increased with reduce rise while volume of material   

decrease with reduce rise. 

➢ The effect of changing the thickness was very small on the stresses and deflections and 

its effect is weak except in the adjacent part of the edges support (10% of the span of shell). 

➢ The effect of changing the span of shell on the stresses and deflections is a direct fit when 

doubling the span the stresses and deflections multiplies with direct proportion 

➢ It is noted that the shape of shell has a great effect on the stresses, deflections and volume. 
The following are the detailed results of the effect of design variables on the 

optimization objectives of shell design: 

First: Rise effect : The effect of changing the rise is showing the following: 

▪ In spherical shells: 

• The stresses are smallest when the increase about F/L=1/4-1/6. 

• The deflection is smallest when the rise is approximately F/L=1/3-1/6. 

• The volume is smallest when the rise exceeds F / L ≤1/5. 

• The best rise of the shell to achieve the combined objectives is the ratio F/L=1/4-1/6. 

▪  In parabolic shells: 

• The stresses are smallest when the rise is about F / L = 1 / 4-1 / 6. 

• The deflection is smallest when the rise is close to the F / L ≥1/7. 

• The volume is smallest when the rise exceeds F / L ≤1/5. 

• The best rise to achieve the combined objectives is the ratio between F/L= 1/5 -1/7. 

▪ In ellipse shells: 

•  The stresses are smallest when the rise is about F / L = 1/2 -1/6. 

•  The deflection is smallest when the rise is about F / L ≥1/6. 

•  The volume is smallest when the rise is approximately F / L ≤1/5. 

•  The best rise to achieve the combined objectives is the ratio between F/L=1/3-1/5. 

▪ In conical shells: 

•  The stresses are smallest when the rise is about F / L = 1/2 -1/6. 

•  The deflection is smallest when the rise is about F / L ≥1/7. 

•  The volume is smallest when the rise is about F / L ≤1/4. 

•  The best rise to achieve the combined objectives is the ratio between F/L=1/4 -1/6. 

Second: Thickness effect: The effect of changing the thickness is showing the following: 

The results show that the effect of changing the thickness on the stresses and the 

defalcations is a little, but the effect of gradually changing the thickness increase the rigidity 
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and stiffness of the shell where the deflections is significantly decreased and the volume is 

increased with the increase of thickness. 

1.In the spherical shell the variable thickness is optimal case for stresses and deflection but 

for volume the minimum constant thickness is optimal. 

2.In the parabolic shell the constant thickness is optimal for stresses and variable thickness 

is optimal for deflection but for volume the minimum constant thickness is optimal. 

3.In the ellipse shell the variable thickness is optimal case for stress and deflection but for 

volume the minimum constant thickness is optimal. 

4.In the conical the constant thickness is optimal case for stresses and variable thickness is 

optimal case for deflection but for volume the min. constant thickness is optimal. 

Third: Shape effect : the shape is important effect on the objectives, It is noted that: 

• The stresses at the spherical and parabolic is less than conical but at ellipse is the more. 

• The volume is the less at the conical then the parabolic then the spherical then the ellipse  

• The deflections is the less at the parabolic shells, then the spherical, and the conical, and 

finally the ellipse shell. 

• When take the combined case of variables (Rise, thickness, shape) we can say that the 

optimal case is clearly shown a parabolic, then the spherical, then the conical, finally the 

ellipse. 

Fourth: Span effect: the effect of changing the span is showing as follows: 
1. The internal forces represented by von Mises stress increased by the direct proportion 

with increased of span for the four types of shells. 

2. The volume increased by quadratic proportion with increase the span for the four types 

of shells. 

3. The deflection increased by a quadratic proportion, in addition to a slight increase of 10% 

almost with increase the span for the four types of shells. The deflection varies from one 

type to the other. 
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     CHAPTER 7 

     CONCLUSIONS, RECOMMENDATIONS  AND CONTRIBUTIONS 

In recent years, structural optimization (SO) has gained greater importance among the 

research community. One reason is the increasing need for effective use of resources of all 

types, the most important of which is the construction industry, automobiles and so on. 

There are several different methods available in the literature, Algorithmic methods are 

widely used nowadays and one of the reasons for that is the increasing capability of the 

modern computers, nevertheless it is always important to use these computational resources 

efficiently. 

     This thesis has highlighted a number of issues relevant to the practical application of SO 

in construction, which is the SO for Axisymmetric Shells of Revolution Structures (ASR). 

All following findings and conclusions are restricted to ASR with thickness to radius 

ratio t/R =1/20 – 1/1000, Rise to span ratio F/L=1/2–1/20 subjected to uniform vertical load 

(own weight) and boundary condition is hinge support. 

This chapter begins with the conclusions obtained in the analysis and discussion of SO 

in this work, recommendations for future work, review contributions, finally closing notes. 

7.1 Conclusion  

7.1.1. Methodology of the study and the software system 

❖ The Contemporary finite elements method has great potential for solving most of the 

problems of shells mechanics with most variables (boundary conditions - loads types - 

general geometric shapes - shells with opening - change in dimensions - ...), it also features 

fast calculations and large processing capacity and shortening of time. 

❖ The FEM has been used to treat ASR, a numerical procedure incorporating the FEM 

and an optimization routine has been developed and applied to determine and compare the 

performance characteristics of ASR and thereby seek an optimum shell for multi-use. 

❖ The SAP- 2000 software was used, which is able to solve the shells with their 

different dimensions, loadings and boundary conditions ...., after determining the 

appropriate data for each problem. This software (SAP-2000) makes possible to determine 

the structural behavior of each type of shells shapes and to compute its internal forces, 

deflections, and volume within a small amount of time by performing a geometrically and 

physically linear analysis, Computers have been used, within the process of design of 

structures, to analyze the response of a user-defined structure. 

❖ SAP 2000 solves and processes specific geometric shapes and patterns of shells. 

There is no general case for solving any other geometric forms. A joint software system 

was used between Auto CAD-3D and SAP- 2000 to resolve other forms not available in the 

SAP - 2000 so that the 3D structure is drawn in Auto CAD -3D and then import its by SAP 

2000. This technique has opened up a great deal of space for solving any geometric forms 

of shells structures through the SAP 2000 program, regardless of its shape. 

❖ The use of optimization techniques in the design process of structures widens the 

field of use of computers and allows the user to obtain optimum designs for stated design 

conditions. 

 This thesis studied the response, interpretation and analysis results of the ASR and 

determined the effects of rise, thickness, and shape of curvature on Stresses, displacements, 

and volume responses using the results obtained from numerous runs of shells models 

having different geometries, (Spherical, parabolic, ellipse and conical)From the results 

obtained in the present work, the following aspects can be highlighted: 
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 7.1.2. The Rise Shell Optimization Conclusions. 

1. Rise has been identified as an important variable and the results proved to it has 

significant effects on the static response of ASR, and development of approximate 

expressions for the best rise of ASR which will be very useful to designers to ensure that 

the lowest internal forces, deflection, and the volume does within the optimum design. 

2. Table 6.6 in this thesis can be used to determine the best rise to span ratio which 

give the optimal case for each type of shell shape of curvature. Results show that the best 

rise of shells, which gives the optimum case to achieve the optimization objectives studied 

together (internal forces, deflection and volume), is the following ratios: 

➢ F / L = 1/3.5 - 1/5  (1/4)    in the spherical shells. 

➢ F / L = 1/3 - 1/5    (1/4)    in the parabolic shells. 

➢ F / L = 1 /3- 1/5   (1/4)      in the ellipse shells. 

➢ F / L = 1 /2 -1/5  (1/2)      in the conical shells. 

3. Results show the best rise for each type of shells, which achieves each objective 

alone from the optimization objectives studied, as shown in Table 6.6 As following: 

❖  The spherical:for internal forces is F/L=1/3-1/6,Deflection F/L= 1/3-1/6,Volume is F/L ≤1/5. 

❖  The parabolic:for internal forces is F/L=1/3-1/6, Deflection F/L ≥1/7, and Volume F/L ≤1/5. 

❖  The ellipse:  for internal forces is F/L=1/2-1/6, Deflection F/L ≥1/6, Volume F/L ≤1/5. 
❖ The conical: for internal forces is F/L=1/2-1/6, Deflection F/L ≥1/7, and Volume F/L ≤1/4. 

7.1.3. The Shell Thickness Optimization Conclusions. 

1.In this range of study generally the effect of changing thickness (constant or gradual) is 

little, but it can be concluded that in general the least thickness are the best. 

2.when high rigidity shells is needed to resistant to displacements it is preferable to change 

the thickness gradually from the edge support by increase the thickness to reach double 

thickness along 10% distance of the shell span starting from the edge due to the existence 

of bending moments in this area. 

3.Results show that the best Thickness of shells, which gives the optimal case to achieve 

the studied objectives is the following: 

❖ In spherical shells(Variable thickness gradually Vt +minimum thickness Min.Ct) 

❖ In parabolic shells  (minimum thickness Min.Ct) 

❖ In ellipse shells (Variable thickness gradually Vt + minimum thickness Min.Ct) 

❖ In conical shells (minimum thickness Min.Ct). 
4.  The Important result shows the effect of the gradual changing in thickness reducing 

the displacements, it makes the shells more rigidity and stability to resist the displacements. 

5.  In order to fulfillment  the optimum case for changing the thickness, to achieve  each 

of the optimization objectives alone, we may use the tables 6.9,10  in this thesis to determine 

the best thickness which gives the optimal case for each type of shells. 

6. Thickness of the shell structures can be optimized in a piecewise pattern for any form 

of shells of revolution and this will facilitate ease of construction. 

7.1.4. Shape shell optimization conclusions. 

1-The results proved that the shape effect  of curvature of the shells has a significant 

impact on the objectives of the optimization studied and will enable these results to choose 

the form of curvature optimal and accurate to obtain the design and the desired response to 

achieve the goals.  

2- The shape effect of curvature is Important on the deflection. This knowledge will 

enable the careful choice shape of curvature in design to obtain the desired response for 

rigidity and stiffness of the structure. 
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3-Structural Optimization of shells carried out in the work, has confirmed the possibility 

of not only improved shells designs but also better choice of shapes and large saving of 

material.  

4- The parabolic shape has been identified as the optimum shape (most economical and 

efficient) of ASR in many applications, Results show that its the best Shape, which gives 

the optimum case to achieve the studied objectives.its followed by spherical, conical, and 

finally ellipse.  

5- Deformations in shells decrease considerably In the examples studied when the 

curvature of curvature increased, it decreases in high shells and increases in shallow shells 

final values decrease to less than half the initial values. 

6- In order to fulfillment the optimum of shape variable for each one from optimization 

objectives, using the Tables 6.15,16 shows the optimal case to achieve each of the 

objectives alone. Which gives the optimal case for each type of shells studied. 

➢ For internal forces the Spherical shell is optimum 

➢ For volume the  Conical shell is optimum 

➢ For displacement the Parabolic shell is optimum. 

7.1.5. General Optimal Case Study: 

Reliability and accuracy are proven by the analysis that has been made In fact, the most 

prominent conclusion is: 

 First: The parabolic shells with F/L=1/4 and Minimum variable thickness , that is the 

optimum case. Then spherical, conical, and finally the ellipse. 

Second: In each case alone, the optimal case is: 

1-Spherical shell with F/L=1/4 and gradually changing thickness(Vt)is the optimal case. 

2-Parabolic shell  with F/L=1/4 and the lowest constant thickness (Ct) are optimal case. 

3-Ellipse shell with F/L=1/4 and gradually changing thickness (Vt) are optimal case. 

4-Conical shell with F/L=1/4 and lowest constant thickness (Ct) is optimal case. 

7.1.6. General conclusion 

In the present work, we have verified that ASR by using optimization techniques leads 

to considerable optimizations in their mechanical behavior. In particular, we can underline 

several aspects: 

1- Internal forces and displacements are increased with reduce the rise of the shell 

especially when a rise become as ratio F/L <1/7 (shallow shells) but the volume decreased 

by 32%- 50% nearly, depending on type of the shells. This information will be useful in 

optimum design of shells. 

2- ASR studied remain acceptable with a decrease of the rise to be greater than F/L>1/6, 

after that it becomes unacceptable because the internal forces and displacements increase 

significantly. 

3-when gradual change thickness of the shells use  compared with constant thickness, 

the results shows the effect of the gradual changing in thickness is reducing the 

displacements, which makes the shells more rigidity and stability to resist the 

displacements, and the behavior of shells against instability improves significantly. 

4-The importance of the effect of changing the gradual thickness appears in shallow 

shells where it increases its stability and rigidity, as shown in the ellipse shells. 

5-The curvature of shells shape has a significant effect on internal forces and 

displacements, the more regular and Continuous of the curvature is, the more efficient and 

activity (spherical and parabolic shells). 
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6 -The preferred rises in ASR are confined to between 1/3-1/5 of the span where the 

internal forces, displacements and volumes are small. 

7 - to obtain a case  which the  stresses are small it is preferable to use between 1/3- 1/5 

of the span, and to obtain a case in which the bending moments is small it is preferable to 

use between 1/2-1/4. 

8 -It can be emphasized that the values of Parallel moments values are relatively small 

compared to the values of other internal forces, although rise change within a large field.  

9 -It is noticed that the bending moments is limited to 1/4 of the length of the arc starting 

from the point of supporting of the shell. The remaining length of the arc can be considered 

as a membrane case in which the moments are almost non-existent. 

10 - Keeping the rise to span ratio is constant with changing the length of the span does 

not affect the behavior of the internal forces but change their value by direct proportion, 

and thus does not affect the design optimization.  

11 - Keeping the nature of the load and changing its value does not affect the behavior 

of the internal forces but changes its value in a proportional proportion according to the 

change of loads, and thus does not affect the design optimization 

. 

7.2. Recommendations For Future Work  
This section focuses on future work that would be appropriate in further developing the 

methods and themes presented in this thesis. 

1. More research is needed on computational shells modelling and computational shell 

optimization. 

2. There is a wide field of possibilities still to discover in designing shells and optimize shells 

using the computer. 

3. Extension of the research field to a variety of shells shapes, Such as cylindrical, hyperbolic,  

cone-cylinder combinations, bells, translational, conoids (skew shells) rectangular shells 

with horizontal edges (soap-bubble), composite shells, free form shells, stiffened panels... 

4. Extension of the research field to handle with different Construction materials (steel, 

aluminum, plastic, fiber,....) 

5. Extension of the research field to a variety of reinforced concrete shells any type of concrete 

(cast in site, pre-stresses, normal, high strength concrete…)  

6. Extension of the research field to handle the different boundary conditions supports, and 

variety of loads cases. 

7. The variables study conducted in this study can be extended to cover other variables 

affecting the SO of shells. 

8. Extension of the research field to non-linear dynamic analysis and optimization. 

9. The lack of enough experimental data needs to be solved by further investigation and that 

will give the researchers the necessary experimental information to develop the appropriate 

method described in item 1 . 

10.  SO of ASR can be carried out to maximize the critical buckling load. 

7.3. Review Of Contributions  
Table 6.20 presents a results of  Structural optimization  and  search methods investigated 

in the preceding research chapters. 

The method type (e.g. change in coefficients of model geometry as rise, thickness, and 

shape of curvature) is stated, alongside the type of solution obtained (alone or combined). 

The most appropriate design stage for application of each method is also stated, along with 

requirements and practical implications for appropriate use. 
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1.The research contribution of each case was stated in Chapter 6 and is briefly 

summarized in the table.6.20. The wider context of these contributions, realization of the 

research objectives are considered. 

2.Chapter 6 demonstrated how the practicality of SO can be improved by using 

appropriate design criteria, such as internal forces, deflection and volume. 

3.There is no single method that is applicable to, let alone optimal for, all structural design 

problems, since the nature of design task specifications vary greatly from one project to 

another. therefore a SO toolbox is required for shape and size optimization, of which the 

methods presented in this thesis could form a part. 

4.The integration of optimization variables (rise, thickness and shape of curvature) by 

specific groups leads to the adoption of final solutions for Optimization. This method can be 

easily used in SO problems in general.It was observed that simultaneously optimizing 

volume and other optimization objectives offered a volume reduction of more than 30% 

when compared to the staged process of performing optimization with each objective alone. 

5.This study also showed how design optimization can be efficiently integrated by 

iteration of the optimality criteria algorithm for each design variables change, this increases 

the number of analyses required. 

6.The chapter 2 demonstrated how existing optimization techniques may be adapted to 

practical problems in preliminary or detailed design. 

7.The main hypothesis, as stated in chapter 4, is that optimization can be successfully and 

appropriately applied in practice through consideration of construction industry specific 

issues.This has been validated most directly in chapter 6, with optimized designs being used 

directly in outline proposals. 

In short, the outcome of this thesis has been the generation of new research information 

on performance characteristics of ASR, identification of an optimum shell shape. All of these 

will facilitate improved designs of shells with better choice of Shapes and enhanced levels 

of economy and performance 

7.4. Closing Notes  
In summary, it has been show that this research has satisfied the objective of contributing 

towards reducing the gap between research and industry, through the steps made towards 

establishing a SO toolbox for the building industry, as discussed in chapter 6 

 The thesis has demonstrated, primarily in Chapter 2, the potential benefits of applying 

SO to full-scale projects.  These include rapid generation and optimization of a range of 

solutions, customization of methods such that results are directly applicable and gaining 

understanding of feasible design spaces. 

  As demonstrated in chapters 2 to 6, using appropriate methods it is possible to 

successfully accommodate design optimization considerations, amongst other practical 

issues, either explicitly in an optimization model, or by generating multiple optimally 

directed designs. 
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